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SIGNALS & SYSTEMS

PREFACE

Welcome to the world of Signals and Systems! This learning material has been carefully crafted
to provide you with a comprehensive understanding of this fundamental field, specifically tailored for
students pursuing a diploma program. Whether you are embarking on a career in engineering,
telecommunications, or any other field that deals with the analysis and processing of signals, this
material will serve as your guide.

Signals and Systems is an essential subject that forms the backbone of modern technology. It
encompasses the study of how information is captured, manipulated, and transmitted in various
systems. From audio and image processing to telecommunications and control systems, Signals and
Systems underlies the design and analysis of a wide range of technologies that shape our world.

Signals and Systems is an Engineering Science course in Revision 2021 diploma syllabus. This
course is in the fifth semester for Electronics & Communication Engineering program as a program core
course and in the sixth semester Biomedical Engineering program as a program elective course. The
course material is prepared in accordance with the syllabus prescribed by the Department of Technical
Education, Government of Kerala and State Institute of Technical Teachers’ Training & Research (SITTTR).

This learning material aims to present the key concepts, theories, and techniques in a clear and
concise manner, allowing you to grasp the fundamental principles of Signals and Systems. Each chapter
builds upon the previous ones, providing a structured learning experience that gradually increases in
complexity. The material includes numerous examples, illustrations, and practical applications to
enhance your understanding and demonstrate the real-world relevance of the subject matter.

This material is divided into four modules. Each module covers a course outcome. The course
material is prepared in such a way that the students find it easy to understand the concepts and get the

basic idea of mathematical representation and analysis of signals and systems. The faculty members who

prepared the material have taken great effort to make the topics simple even for the beginners. At the
end of each module, sample questions are included which will help students to prepare for the board
examination.

Suggestions are invited to make it better in the revised editions. We hope this material will
benefit both students and teachers.

CONTRIBUTORS
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Program: Diploma in Electronics and Communication/ Biomedical Engineering

Course Code : Course Title: Signals and Systems

Semester : 5/6 Credits: 4

Course Category: Program Core/ Elective

Periods per week: 4 (L:3, T:1, P:0) Periods per semester: 60

Course Objectives:

To introduce students to the idea of signals and systems, their characteristics in time

and frequency domain.

To provide basic knowledge on Fourier representation and Laplace transform and its

applications on signals and systems

Course Prerequisites:

Topic Course name Semester

Differentiation, Integration Mathematics | & Il

Course Outcomes:

On completion of the course, the student will be able to:

COn Description

Summarize the basic concepts, classifications and
mathematical properties of signals

Classify and compare continuous time and discrete
time systems

Explain Fourier representation of signals

Apply Laplace transform to demonstrate the
concepts of signals and systems

Duration

(Hours)

Cognitive level

Understanding

Understanding

Understanding

Applying

Series Test
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CO - PO Mapping:

Course Outcomes
co1l 2
co2 2
cos3 2

COo4 3
3-Strongly mapped, 2-Moderately mapped, 1-Weakly mapped

Course Outline:

Module Duration

Description Cognitive Level
Outcomes P (Hours) g

Summarize the basic concepts, classifications and mathematical properties of

co1 .
signals

M1.01 | Define signals and its importance. Understanding

Explain the basic elementary signals used in

M1.02 -
communication.

Understanding

M1.03  Select various types of signals. Apply

M1.04 | Explain the basic operation on signals. Understanding

Contents:
e Define signals: state the importance of signals and systems in the field of science and
engineering.
Basic elementary signals: Unit step function, unit impulse function, ramp, parabolic,

signum, exponential, rectangular, triangular, and sinusoidal.

Classification of signals: continuous time and discrete time, deterministic and non-
deterministic, even and odd, periodic and aperiodic, energy and power, real and
imaginary.

Mathematical operations on signals: amplitude scaling, time scaling, time shifting,
time reversal, addition, subtraction, multiplication and convolution.

co2 Classify and compare continuous time and discrete time systems

Show time domain representation of a Understanding
system.

M2.01

Compare continuous time and discrete time Understanding
systems

M2.02

M2.03  Interpret impulse response of a continuous Understanding
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time and discrete time system.

Identify various properties of systems.

Series Test — |

Contents:

e Representation of systems: Differential equation representation, Difference equation
representation

Continuous time and discrete time systems — Impulse response, examples

Properties of systems — linearity, time invariant system, invertible, casual and non-
casual, stable and unstable.

co3 Explain Fourier representation of signals

Apply Fourier series and discrete time Fourier Apply

M3.01 .
series

M3.02  Summarize the properties of Fourier series Understanding

Explain sampling theorem, aliasing, Understanding

M3.03 .
reconstruction

Apply Fourier transform, discrete time Fourier Apply
transform

M3.04

Contents:
e Fourier representation of four class of signals
= Continuous time periodic signal : Fourier series (FS)
= Discrete time periodic signal : Discrete time Fourier series (DTFS)
= Continuous time non-periodic signal : Fourier transform (FT)
= Discrete time non-periodic signal : Discrete time Fourier transform (DTFT)

Properties of Fourier representation — linearity, symmetry, time shift, frequency shift,
scaling, differentiation and integration, convolution and modulation

Sampling theorem, aliasing, reconstruction

co4 Apply Laplace transform to demonstrate the concepts of signals and systems

Interpret the frequency domain parameters

M4.01 . .
of a signal using Laplace transform

Understanding

M4.02 | lllustrate the region of convergence Understanding

Understanding

M4.03 | Outline Properties of Laplace transform
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Apply Inverse Laplace transform to Signals Applying

Series Test — |l

Contents:
Need of Laplace transform
Region of Convergence (ROC)
Advantages and limitation of Laplace transform

Laplace transform of some commonly used signals - impulse, step, ramp, parabolic,
exponential, sine and cosine functions

Properties of Laplace transform: Linearity, time shifting, time scaling, time reversal,
transform of derivatives and integrals, initial value theorem, final value theorem.

Inverse Laplace transform: simple problems (no derivation required)

Text/Reference:

T/R Book Title/Author

T1 Simon Haykin : Signals and System, John Wiley 2/e 2003

T2 A. Anand Kumar : Signals and System, PHI, 2/e 2012

T3 Nagoor Kani : Signals and System, Tata McGrew Hill, 3/e 2011

R1 Ramesh Babu : Signals and Systems, Scotch Publications, 4/e
R2 Alan V. Oppenhein, Alan S. Willsky : Signals and System, PHI, 2/e

R3 Simon Haykin : Communication Systems, John Wiley 4/e

R4 Hwei P. Hsue : Signals and System, Tata McGrew Hill 1995

Rodger E. Ziemer : Signals and System — Continuous and Discrete 4/e, Pearson

R
> Education

R6 M. J. Robert : Signals and Systems, Tata McGrew Hill, 2003

Online Resources:

SI.No Website Link
1 https://nptel.ac.in/courses/108/104/108104100/

https://nptel.ac.in/courses/117/101/117101055/
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Revision 2021

SIGNALS &
SYSTEIVLS

MODULE 1 NOTES
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OUTCOMES & CONTENTS

Module Lo Duration | Cognitive
Description
Outcomes (Hours) Level

co1 Summarize the basic concepts, classifications and mathematical
propertiesof signals

Understan

Define signals and its importance. .
ding

ML.02 Explain the basic elementary signals used Understan
' incommunication. ding

M1.03 Select various types of signals Applying

. . . . Understan
M1.04 Explain the basic operation on signals

ding

Contents:
Define signals: state the importance of signals and systems in the field of science and
engineering.
Basic elementary signals: Unit step function, unit impulse function, ramp, parabolic,
signum, exponential, rectangular, triangular, and sinusoidal.
Classification of signals: continuous time and discrete time, deterministic and
nondeterministic, even and odd, periodic and aperiodic, energy and power, real and
imaginary.

Mathematical operations on signals: amplitude scaling, time scaling, time shifting,
time reversal, addition, subtraction, multiplication and convolution.
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SIGNALS

A function of one or more independent variables which contains some information is
called a signal.

Eg.: speech signal, E.C.G. signals, temperature variations, etc.

A voltage or current is an example of a signal which is a function of time as an
independent variable.

An AC signal is generally represented in the form: -
x(t) = Acos(wt + ¢)

X(t) = independent variables

A = amplitude

w = angular frequency in radians
¢ = phase angle in radians

Depending on the number of variables signals can be:

+ 1-dimensional signal: function of a single variable.
Eg: speech signal represented by f(t).

% 2-dimensional signal: function of two variables.
Eg: image signal represented by f(x,y)

¢ 3-dimensional signal: function of three variables.
Eg: video signal represented by f(x,y,t)

BASIC ELEMENTARY SIGNALS

They are the building blocks for the construction of more complex signals. Also called
standard signals.

Unit Step Function
Unit Impulse Function
Unit Ramp Function
Parabolic Function
Signum Function
Exponential Signal
Rectangular Function
Triangular Function

© 0N A WDNR

Sinusoidal Signal
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1. Unit Step Function
Exists only for positive values of time and is zero for negative time. If a step
function has unit magnitude it is called unit step function.

Continuous time
u(t)

1, t>0 1

“(t)z{o, t<0

Discrete time

1, n=0
uln] = 0 n<o

Unit Impulse Function

Continuous time

Continuous time unit impulse function is also called Dirac delta function.
It is only defined at t=0.

5(t)

t =

.OO
S(t)z{()’ t#0

b 0
Discrete time
Discrete time unit impulse function is also called unit sample sequence.
It is defined only at n=0.
d[n]

1, n=
5[”]‘{0 n+0

Unit Ramp Function

Amplitude increases linearly with time. Unit ramp function has unit slope.

Continuous time

t, t=0
r(t)={0 t<0

r(t) =tu(t)
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Discrete time

n, n=0

] =10" n <o

4. Parabolic Function

Continuous time

p(t)

Discrete time

ph = {

0

5. Signum Function
Continuous time

—-1.,t<0
Sgn(t) = 0,t=0
1, t>0

Discrete time

SITTTR KALAMASSERY 2021 REVISION

A Sgn(t)

sgn[n]
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6. Exponential Signal

Continuous time
x(t) = Ae®

‘A’ and ‘@’ are real numbers. ‘A’ is the amplitude of the exponential signal measured
att=0.

‘a’ can be either positive or negative.

Att=-a, x(t) = Ae becomes x(t) = Ae* % orx(t) = Ae % =0
Att=0, x(t) = Ae® becomes x(t) = Ae®*° or x(t) = 4e® =1

Att=a, x(t) = Ae® becomes x(t) = Ae%* or x(t) = Ae® =a

A. Rising when ‘@’ is positive

x(t)
1 Oatt = —a:de ® =

x(t)={ latt=0:4e’=1
aatt =a:de* =«

B. Decaying when ‘@’ is negative

agatt =—a:4e®* =«

x(t)={1att=0:Ae°=1
Qatt=a:4e * =0

Discrete time

‘A’ and ‘n’ are real numbers. ‘A’ is the amplitude of the exponential signal measured
att=0.

‘n’ can be either positive or negative.

Atn=-a, x[n] = Ae®" becomes x[n] = Ae®~

Atn=0, x[n] = Ae®" becomes x[n] = Ae%° or x[n

Atn=a, x[n] = Ae? becomes x[n] = Ae** or x[n]

SITTTR KALAMASSERY 2021 REVISION DIPLOMA IN EC & BE
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A. Rising when ‘@’ is positive

X[n] a=11
' x[n]
Oatn=—a:4e * =
={ latn=0:4e°=1
aatn=a:4e* =«

et (1111 ]]
2-10 1234356
B. Decaying when ‘@’ is negative
x[n] a<1
. x[n]
aatn=—-a:de *=«a
={ latn=0:4e’=1
Oatn=a:4e % =

]

L ]
HEERK
4-3-2-10 12
7. Rectangular Function

Continuous time

1 1
rect(t)—{l if—o-=2t>3

0 otherwise
Discrete time
1 1

T"f‘!{'!i‘.ﬁ}'} 1 ]lh T =1 > E

0 otherwise

8. Triangular Function
Continuous time

i [
1n{7)=- ;
o |\_{Z} n \r|_1\

SITTTR KALAMASSERY 2021 REVISION DIPLOMA IN EC & BE




SIGNALS & SYSTEMS — LEARNING MATERIAL

Discrete time

tri@2)

< 1]
b _1|

tri»1=

atlll i,
-1 -1

9. Sinusoidal Signal

Continuous time
X(t)=A sin (wt+d)

X(t) = independent variables
A = amplitude

T w = angular frequency in radians
N
\ » R ®
\/ \ ¢ = phase angle in radians

Discrete time

4 x(1) = A sin (0t + ¢)

X[n] = Asin (wn+d)
b x(n) = A sin (On + ¢)

/ X[n] = independent variables
1 dl A = amplitude

w = angular frequency in radians
n 2T
N=—.
w

L4

¢ = phase angle in radians
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CLASSIFICATION OF SIGNALS

Continuous time signals:

These signals are defined over continuous independent variables.

They are continuous in time and amplitude.

Generally denoted by x(t).

They are difficult to analyze, as they carry a huge number of values. In order to store
these signals, we require an infinite memory.

O % ot ot
DX

x(t)

Discrete time signals:

These signals are defined for only discrete values of time denoted by n.
Discrete time signals are defined for only integer values of n.

Obtained by sampling continuous time signals.

x[n] = x(t) | t=nT, where T is the sampling time.

They are continuous in amplitude and discrete in time and is denoted by x[n]

x(t)

6
5

x[n]

In the above example, the sampling time interval was T=1sec, which means samples are
taken after every 1 sec to form the discrete time signal.

Deterministic and non-deterministic

A signal is said to be deterministic if there is no uncertainty with respect to its value at
any instant of time. Or, signals which can be defined exactly by a mathematical formula
are known as deterministic signals.
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x(t)

—F
LW 4

N .

¢+ Asignal is said to be non-deterministic if there is uncertainty with respect to its value at
some instant of time. Non-deterministic signals are random in nature hence they are
called random signals. Random signals cannot be described by a mathematical
equation. They are modelled in probabilistic terms.

voltage
N

4. Even and odd

A signal is said to be even when it satisfies the condition x(t) = x(-t) or x[n] = x[-n]

z[n] [-n]

“o—e—e->7L

3

g 14
_.,"‘.. ...'-.| o _‘. ‘.l "
-3 3 -3 |

Example: As shown in the following diagram, rectangle function x(t) = x(-t) so it is even
function.

X(t)
n
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% Asignal is said to be odd when it satisfies the condition x(t) = -x(-t) or x[n] = - x[-n]

x(t)
A

-A
Example: As shown in the following diagram, signum function x(t) = - x(-t) so it is odd

function.
.
- XLt)

—

(0,0)
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Any function f(t) can be expressed as the sum of its even function fe(t) and odd function

fo(t).

f(t) = fe(t) + fo(t)

fe(t) = 2[f(t) +f(-t )] and fo(t ) = 72[f(t ) - f(-t )]

5. Periodic and aperiodic

+»+ Asignal is said to be periodic signal if it has a definite pattern and repeats itself at a
regular interval of time.

+* Asignal is said to be periodic if it satisfies the condition x(t) = x(t + T) or x(n) =x(n +

N).

where
T = fundamental time period,
1/T = f = fundamental frequency.

AX(t)

The above signal will repeat for every time interval To hence it is periodic with period To.

s Asignal is said to be aperiodic signal if it does not have a definite pattern and does not
repeat itself at a regular interval of time.

SITTTR KALAMASSERY 2021 REVISION
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6. Energy and power
¢+ Asignal is said to be energy signal when it has finite energy.

T
Ex@ = lim fIX(t)Izdt
=T

0 <Ext)<a

N
Bxn = lim " [x(w)[?
n=-N
0 <Ex(n)<a

0,

* Asignal is said to be power signal when it has finite power.

.1 (T
Poyx(t) = ,},g&ﬁf_”x(t)lz dt
0 <Px(t)<

N

1
Paut(n) = lim ——— " [x(w)
n=-N

0 <P,x(n)< o
7. Real and imaginary

+ Asignal is said to be real when it satisfies the condition x*(t) = x(t)
Example:
If x(t)= 3 then x*(t)=3*=3 here x(t) is a real signal.

¢+ Asignal is said to be imaginary when it does not satisfy the condition x*(t) = x(t)
o For areal signal, imaginary part should be zero.
o Similarly for an imaginary signal, real part should be zero.
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MATHEMATICAL OPERATIONS ON SIGNALS

Amplitude scaling

Cx(t) is a amplitude scaled version of x(t) whose amplitude is scaled by a factor C.

a2 x(t)
0.5 x (t)
X (t) ! A

Time scaling
x(At) is time scaled version of the signal x(t). where A is always positive.

|A| >1 - Compression of the signal
|A| <1 - Expansion of the signal

A

x(t) x(2t) ]

2 -4

Note: u(at) = u(t) time scaling is not applicable for unit step function.
Time shifting

X(t £ to) is time shifted version of the signal x(t).
X (t + to) = negative shift
X (t - to) = positive shift

x(t) | x(t -to) |

/\
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Time reversal

X(-t) is the time reversal of the signal x(t).

Addition

Addition of two signals is nothing but addition of their corresponding amplitudes. This can
be best explained by using the following example:

X1-(t)

As seen from the diagram above,
-10 < t < -3 amplitude of z(t) = x1(t) + x2(t)=0+2=2
-3 <t < 3 amplitude of z(t) = x1(t) + x2(t) =1+2=3
3 <t <10 amplitude of z(t) = x1(t) + x2(t) =0+ 2=2

Subtraction

Subtraction of two signals is nothing but subtraction of their corresponding amplitudes. This
can be best explained by the following example:
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As seen from the diagram above,

-10 <t < -3 amplitude of z (t) = x1(t) - x2(t)=0-2=-2
-3 <t< 3 amplitude of z (t) = x1(t) - x2(t)=1-2=-1

3 <t< 10 amplitude of z (t) = x1(t) + x2(t) =0-2=-2

Multiplication

Multiplication of two signals is nothing but multiplication of their corresponding amplitudes.
This can be best explained by the following example:

X1 (t)

™
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As seen from the diagram above,

-10 <t < -3 amplitude of z (t) = x1(t) x x2(t) =0x2=0

-3 <t< 3 amplitude of z (t) = xa(t) x xa(t) =1x2=2

3 <t< 10 amplitude of z (t) = xa(t) x x2(t) =0x2=0
Convolution

A continuous time system as shown below, accepts a continuous time signal x(t)
and gives out a transformed continuous time signal y(t).

output

input Continuous time
—® —
x(®) system y®

Some of the different methods of representing the continuous time system are:

Differential equation
Block diagram
Impulse response
Frequency response
Laplace-transform
Pole-zero plot

It is possible to switch from one form of representation to another, and each of
the representations is complete. Moreover, from each of the above representations, it is
possible to obtain the system properties using parameters as: stability, causality, linearity,
invertibility etc. We now attempt to develop the convolution integral.

Impulse Response

The impulse response of a continuous time system is defined as the output of the
system when its input is a unit impulse, 6(t). Usually, the impulse response is denoted by
h(t).

& Continuous time h(t)
_ ] —

s system
unit impulse impulse response

Convolution Sum:

We now attempt to obtain the output of a digital system for an arbitrary input
x[n], from the knowledge of the system impulse response h[n].
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An input

x[n]

impulse response

cm'l‘cﬁpnnding output

¥In]

in]l=.... A 1)&ni1]
+ x0]0[x]
+ x & n-1]

+x[2]8[n— 2]+ ..

h[n]

LTI svstem

Mul=....+x[-1Ji»n+1]
+ x{0JA[n]
+ x{1]A[n-1]
I 2)Em 2]

ATy il'l'l"ll!l‘ rnl'lﬂ]'-nnrling nllllull

¥ln]

impalse respaonse

i[n]

- hn]
x| = z x| ]S —ra)

B

vinl= 3 xlmlal a—m|

LT syatein

FIFRRE— .:.i"#nuu r !'HIH{'I.‘H.! L3

Impualse pes popse

output

ingrul

| 1)
ajn] ¥l =x|n]=Hn]

LT svsdom

v[n] = x[n]= h[n]

Evaluating the convolution sum:
Given the system impulse response h[n], and the input x[n], the system output y[n], is
given by the convolution sum:

vinl= S xmlhln—m]
TR=—

Problem:

To obtain the digital system output y[n], given the system impulse response h[n], and the

system input x[n] as:

h[n}=[1, -1.5, 3]

xn]=[-1., 25, 08 1.25]
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Evaluation using graphical representation:

This method is based on evaluation of the convolution sum for a single value of n,
and varying n over all possible values.

v[n]= i x[mhln —m]

M=—uo

Step 1: Sketch x[m]
Step 2: Sketch h[-m]

Step 3: Compute y[0] using:

y[0]= i xmlh]—m]

which is the *sum of the product of the two signals x[m] & h[-m]’
Sketch h[1-m], which is right shift of h[-m] by 1.

Compute y[1] using:

oo

yll= > x[mlhll —m]

which is the ‘sum of the product of the two signals x[m] & h[1-m]’
Step 6: Sketch h[2-m], which is right shift of h[-m] by 2.

Step 7: Compute y[2] using:

oa

M2]= 3 dmlhl2—m]

m=—c

which is the ‘sum of the product of the two signals x[m] & h[2-m]’

Step 8: Proceed this way until all possible values of y[n]. for positive ‘n” are
computed

Step 9: Sketch h[-1-m], which is left shift of h[-m] by 1.

Step 10: Compute y[-1] using:

o

== 3 xlm]a[-1-m]

which is the ‘sum of the product of the two signals x[m] & h[-1-m]’
Step 11: Sketch h[-2-m], which is left shift of h[-m] by 2.
Step 12: Compute y[-2] using:

y[-2]= E afmlh[-2—m]

Ri=—8a

which is the ‘sum of the product of the two signals x[m] & h[-2-m]’

Step 13: Proceed this way until all possible values of y[n], for negative ‘n’ are

computed
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h[-1-m]

m-u-?é'?-qaaa-e-h 0800 &-6-9-:.6-&-@-

y[0]=(1.5+2.5)

M&ttm-l

O
-5

y[1]={-3-3.75+0.8)

10

N

X[m].h[1-m]
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y[2]=(7.5-1.2+1.25)
a

1

x[m].h[2-m]

x[m] h[3-m] y[3]=(2.4-1.875)
10 10

¥
& O 4

5 5

000-006?9-?00 Oﬁoooo-éT

OooooooT oo®
: &

x[m].h[3-m]

h[4-m] " y[4]=(3.75)

Mwwoiriu

X[m].h[4-m]

Qutput: y[nj=x[-1] h[n+1]+x[8] h[n]+x[1].h[n-1]+x[2] h[n-2]
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Convolution Integral

The output y(t) is given by, using the notation, y(t)=R{x(t)}.

y(t) = R{x(1)}

. ) | ]
=R< | x(Do(t—17)dT >
U

J

= [ x(n)R{S(r-1)}dr

= -[ x(D)h(t—1)dt

= x(t) * h(t)

An input impulse response corresponding output
x(l) ¥(®)
> h(t)

.
>

()= | ()8 - r)dz LT system ¥y = [ 223t —)dr

Example 1:

Consider the convolution of the delta impulse signal and any other regular signal f(t).

F(t) % 8(t) = / F(r)8(t — T)dr, —o0 < t< oo

f(t) * 6(t) = f(1)
Example 2:

Consider the convolution of e u(t) and sin(t)
e tu(t) x sin (t) = / e " u(t — 7)sin (7)dr

—0o0

o0

_ ] e "u(r) sin (¢ — 7)dr

—o0
t

ef”u(t) * sin (t) = et j e’ sin(7)dt

—0o0

—t et . _ 1 .
=e {z(sm (t) — cos (t)) — 0} = 5(sm (t) — cos (1))
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Graphical convolution

The graphical presentation of the convolution integral helps in the understanding of every
step in the convolution procedure. According to the definition integral, the convolution
procedure involves the following steps:

Step 1: Apply the convolution duration property to identify intervals in which the
convolution is equal to zero.

Step 2: Flip about the vertical axis one of the signals (the one that has a simpler form
(shape) since the commutativity holds), that is, represent one of the signals in the time scale
-T.

Step 3: Vary the parameter t from -infinity to +infinity, that is, slide the flipped signal
from the left to the right, look for the intervals where it overlaps with the other
signal, and evaluate the integral of the product of two signals in the corresponding
intervals.

In the above steps one can also incorporate (if applicable) the convolution time shifting
property such that all signals start at the origin. In such a case, after the final convolution
result is obtained the convolution time shifting formula should be applied appropriately. In
addition, the convolution continuity property may be used to check the obtained
convolution result, which requires that at the boundaries of adjacent intervals the
convolution remains a continuous function of the parameter.

We present several graphical convolution problems starting with the simplest one.
Example:

Consider two rectangular pulses given below

X0

0 3 t 0 1 t

Since the durations of the signals fi(t) and f,(t) are respectively given by [t1, T1] = [0,3] and
[t2, T2] =[0,1], we conclude that the convolution of these two signals is zero in the following
intervals (Step 1).

fit) % fo(t) =0, t<t;+t2=0+0=0

fl(t)*fz(t):(), t2T1+T2:1+3:4

Thus, we need only to evaluate the convolution integral in the interval 0 <t < 4.

In the second step, we flip about the vertical axis the signal which has a simpler shape. Since
in this case both signals are rectangular pulses, it is irrelevant which one is flipped. Let us flip
f2(t). Note that the convolution is performed in the time scale.
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L1
2

0 3 T -1 0 T

In Step 3, we shift the signal f,(—1) to the left and to the right, that is, we form the signal
fo(t — 1) fort € (—o,0] and t € [0, +00). A shift of the signal f,(t — 7) to the left (t<0)
produces no overlapping between the signals f; (t) and f,(t — t), thus the convolution
integral is equal to zero.

AQ)

DAL

-1+7 t 0 T

Let us start shifting the signal f,(t — 7) to the right (t>0). Consider first the interval 0 <t < 1.

-1+10 f1 T

It can be seen from Figure that in the interval from zero to the signals overlap, hence their
product is different from zero in this interval, which implies that the convolution integral is
given by

t
fl(t)*fz(t):/lx2d‘r:2t, 0<t<1
0

By shifting the signal f,(t — 7) further to the right, we get the same “kind of overlap” for 1 <
t<3,
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A

1 71
) f_)(f-*r)

t
fi(t) * fa(t) = f1><2d'r:2, 1<t<3

t—1

By shifting f,(t — 7) further to the right, for 3 <t < 4, we get the situation presented below.

AQ.

-1

3
f1(t) = f2(t) = /1><2d'r:8—2t, 3<t<14
t—1
For t<4, the convolution is equal to zero as determined in Step 1. This can be justified by the

fact that the signals f; (7) and f,(t — 7) do not overlap for that is, their product is equal to
zero for t>4, which implies that the corresponding integral is equal to zero in the same

interval.

L@
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In summary, the convolution of the considered signals is given by

0 t<0
2t 0<t<1

f1(®) = f2(t) = § 2 1<t<3
8—2t 3<t<4
0 t>4

Example 2

Let us convolve the signals

G,

0 1 2 t 0 1 2 t

Since both signals have the duration intervals from zero to two, we conclude that the
convolution integral is zero for t<0 and t>4.

In the next step we flip about the vertical axis the rectangular signal since it apparently has a
simpler shape. In Step 3, we slide the rectangular signal to the right for t € [0,2], Figure b,
and for t € [2,4], Figure c.

AGU)

I
|
I
|
|
ol t2 2+ 4 1

The convolution integral in these two intervals, evaluated according to information given in
Figures b and c, is respectively given by
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t
Fi(t) * f2(t) = ]2(—1‘ +2)dr=4t—¢t, 0<t <2
0

2
Fi(t) * f2(t) = f 2(—T+2)dr =16 -8t +t*, 2<t<4
—2

t

In summary, we have obtained

0

42
TORFAOER S

0
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SOLVED PROBLEMS

1. What is a gate function?

Rectangular function A rect (%) is called a gate function.
. What is a dirac delta function?

Impulse function §(t) is called a dirac delta function.

If u(t) is unit step function, draw

a) u(t-3)

b) u(t+2)

c) u(-t)

4. What is the value of u(t) + u(-t)?

Therefore u(t) + u(-t) =1
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Draw u(-t+2) using reversal and shifting operations.

u(-t+2)

2

(always do reversal first, then shifting) ie u(-(t-2))
Draw u(-t-3) using reversal and shifting operations.

u(-t-3)

3
Draw - u(-t-3) using reversal and shifting operations.

(-3

Draw u(2t+1) using scaling and shifting operations.

u(2t+1)

(always do scaling first, then shifting. In this case since it’s a unit step function, there is no

effect on scaling. ) ie u(2(t + %))
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9. Draw 3u(-4t+3) using reversal, scaling and shifting operations.

3u(-4t+3)
3

(always do reversal first, then scaling, then shifting. ie 3u(-4(t - %))
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UNSOLVED PROBLEMS

. According to the product property of impulse response x(t) §(t-to) = x(t0) &(t-to),

then what is the value of
a) cost &(t-/4)
b) (t?+1).5(t-2)
c) t.o(t)
Prove the sampling property fttlz x(t). 6 (t-t0)dt = x(t0) ; t1 < t0 < t2

. According to the sampling property of impulse response
f: x(). § (t-to)dt = x(t0) ; t1 < to < t2, then what is the value of
a) [, 2+ 1.5 (t+1)dt
b) [, 2+ 1.6 (t)dt
c) f02n sint. & (r/2-t)dt
d) [e 1.5 (3t9)dt

Find the convolution of x(t) = et u(t) and Y(t)= u(t-3)
For the given signal, sketch

- y(t) —y(t-1)
. y(-2t)
. y(t-1)u(1-t)
. y(2t) + y(-3t)
e. y(3t-1)
6. Determine if the following signals are power signals or energy signals
a. X(t)=sin(2t) u(t)
b. x(t)=tu(t)
c. x(t)=5e3tu(t)
7. Sketch the even and odd part of the signal
\

3

N

»  t(ms)

8. Determine which of the following signals are bounded, and specify a smallest bound.
a. x(t)=e3tu(t)
b. x(t)=4e*®!tl
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9. Determine if the following signals are periodic, and if so compute the fundamental

period.
a. x[n]=¢’"3

AT
b. x[n]=1+¢e’5"
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OUTCOMES & CONTENTS

Module
Outcomes

Description

Duration
(Hours)

Cognitive
Level

co2

Classify and compare continuous time and discrete time systems

M2.01

Show time domain representation of a system

Understan
ding

Compare continuous time and discrete time
systems

Understan
ding

M2.03

Interpret impulse response of a continuous time
and discrete time system.

Understan
ding

M2.04

Identify various properties of systems

Applying

Contents:

representation
Continuous time and discrete time systems — Impulse response, examples
Properties of systems — linearity, time invariant system, invertible, casual and non-

casual, stable and unstable.

Representation of systems: Differential equation representation, Difference equation
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CONTINUOUS TIME AND DISCRETE TIME SYSTEMS

CONTINUOUS TIME SYSTEM

A continuous time system is a system in which continuous-time input signals are
applied and result in continuous time output signals. Such a system can be shown as

x(t)

h(t) y(O)=x() = h(t)

A

LTT System

Here x(t) is continuous-time time input and y(t) is continuous-time output.
Examples of continuous-time system are electric circuits composed of resistors, capacitors
and inductors that are driven by continuous-time sources. They are described by differential

equations.

DISCRETE TIME SYSTEMS

A discrete-time system is a system that transform discrete-time input signals into

discrete-time output signals

Xllll

hn] | Y[MI=x[n] % hin]

T
LTT System

Here x[n] is the discrete-time input and y[n] is the discrete-time output. An example
of discrete-time system is a simple model for the balance in a bank account from month-to-
month. Discrete-time systems are described by difference equations.

COMPARISON OF CONTINUOUS AND DISCRETE TIME SYSTEMS

Continuous-time systems

Discrete-time systems

The input and output signal can be
defined at any time instance and they
can take all values in the continuous
interval (a, b) where a can be -infinity
and b can be +infinity

The input and output signal can be defined only
at certain specific values of the time. These time
instances need not be equidistant, but in
practice, they are usually taken at equally
spaced intervals.

They are described by differential
equations

They are described by difference equations

The impulse response is denoted as
h(t)

The impulse response is denoted as h[n]

Ex.: audio, video amplifiers, power
supplies etc.

Ex.: microprocessors, semiconductor memories,
shift registers etc.
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REPRESENTATION OF DISCRETE TIME SIGNALS IN TERMS OF IMPULSES

N ~2,2.2}

% Consider the discrete time signal given by x[n] = {3, 1

¢ This signal can be drawn as follows:
3 x(n)

¢ The signal can also be represented in terms of impulses:
x[n]=3.6[n+1]+1.6[n]-2.6[n—-1]+2.6[n—-2]+2.6 [n—-3]

=x[-1] §[n+1] + x[0] & [n] + x[1]& [n—1] + x[2]6 [n—2] + x[3]6 [n—3]
Therefore, in general
x [n]= ..+ x[-1] 6[n+1] + x[0] & [n] + x[1]6 [n—1] + x[2]6 [n— 2] + x[3]6 [n—3]+...

x[n] = 2 x[k]5[n — k]

k=—o0

where x [k] can be taken as weights.

Discrete Time Impulse Response and Convolution Sum

% The output of system is given by y[n] = T{x[n]}

*

+* In an LTl discrete time system,

oo o0

z x[k]6['n—k]] = Z x[k] T {8[n — k)

k=—o0 k=—c0

yln] = T{x[n]} = T[

(00}

Z B b ] =il il

k=—-co

®,

% This is called the convolution sum and h[n] is the impulse response of the system.
% h[n-k] is the response of the system to time shifted impulse.
¢ Hence if we know the impulse response of the LTI system, then we can find the

response of the system to any other input.
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Example:

What is the output of an LTI system with impulse response h[n] = {1, ?, 1} to the input
x[n]={2,3,-2}? Use graphical method.

y[n] = x[n] * h[n]
= Z K] i — ¥

k=—oco

3 x[k]

1 |2
l k 3 2 -1 0 k 3 2 -1 0 1 2 3 g
2
y[n] will range from n= -1 to n=3 (sum of lower limits of x[n] & h[n] to sum of upper limits of

x[n] & h[n] )
h[-[k+1]]

Ty

2 -1 0 k

X[k]h[-[k+1] ]

ylo] = > xliel h{—k]

k=—o0
4
g

-k

= 7

x[k] h[-k]
4
3

|

0
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h[-[k-1]]

" —
oo <4

ylil= » alkdai-k &

k=—o0
o

= > xlkl Ak - 1]}

k=—oc0

(e s]

z x[k] h[2 — K]

k=—oo
co

-k

x[k] h[-[k —2]]

k=—o0

= x[k]h[-[k-2]]
3

011 Kk

-4

h[-[k-3]]

y[n] ={2,7,6,-1,-2}
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Number of samples in y[n] or length of linear convolution=L(length of x[n]) +M(length of
h[n])-1 =3+3-1=5

y[n]= {2,7,6,-1,-2}

REPRESENTATION OF CONTINUOUS TIME SIGNALS IN TERMS OF IMPULSES

s As discussed in the case of discrete time LTI systems, a continuous time signal can
also be expressed in terms of impulses.
¢ In general o0
x(t) = j x(1)6(t — 1) dt
—o0

Continuous Time Impulse Response and Convolution Sum

% The output of system is given by y(t) = T{x(t)}

%* In an LTl continuous time system,

v(t) =T{x(t)}=T f x()6(t —1)dt

y(t) = f T{x(1)d(t — 1) dt} = J‘ x(o) T{6(t — 1)} dr

— 00 —Co

y(t) = J‘ x(7) h(t — 1) dt = x(t) * h(t)

R/
A X4

This is called the convolution integral and h(t) is the impulse response of the system.
» Hence if we know the impulse response of the LTI system, then we can find the
response of the system to any other input.

B
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Example:

Find the output of a system whose impulse response is given by h(t)= u(t-3) for an input
signal x(t) = et u(t).

x(t) = e %, u(t) h(t)= u(t-3)

x® /N

Ny
/

Change of axis
x(t) = e ?u(t) and h(t) = u(t — 3) becomes

x(1) = e ?*u(7) and h(t) = u(r — 3)

t-3

On sliding the input along the impulse response from -infinity to +infinity

x(T) h(t-T)

Case 1:t-3 <0 (is not possible since 3<t<oo )
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Case2:t-3>0

\
>

t-3

So on integration

t-3
y(t) = f x(t)h(t — 1)dt
0

t-3 e—2T t-3 1 — g~2(t=3)
t) = —Z‘Ed = = —
y(©) fo e *dr = — 0 3

So the output of the system is

0 ;o t<3
y(&) = {1 -2

; t=3
2
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REPRESENTATION OF SYSTEMS
DIFFERENTIAL EQUATION REPRESENTATION

The general representation of a continuous time LTI system is given by the differential
equation

i dﬁ'y(t)_ibdwm b
(:t'k dtk — k dtk . Cf;( k are constants
k=0 k=0

Differential equation provides an implicit specification of the system. The implicit expression
describes a relationship between the input and the output rather than an explicit expression
for the system output as a function of the input.

DIFFERENCE EQUATION REPRESENTATION

The general representation of a discrete time LTI system is given by the difference Equation

N

M
Z a, yln—k] = Z by x[n—k], a, &b, are constants
k=0

k=0

Example:

Obtain the output of an LTI causal discrete- time system described by difference equation
y[n] — %y[n — 1] = x[n] to the input x[n] = kd[n]

Also calculate the impulse response.

Rewrite the difference equation in the form

yIn] = xIn}+ £ yIn-1]

To calculate the present output y[n], we need the past value of the output y[n-1]. But the
system is causal that means there is no output before applying the input. Since

Xx[n] =K 8[n]

i.e., x[n]=0 for n <-1implies that y[n] =0 forn <-1, so that we have as an initial condition
y[- 1] = 0. Thus, to begin the recursion, with this initial condition, we can solve for successive
values of y[n] for n 2 0 as follows:

y[0] = x[0] +§ y(-1) =K +0 =K (since § [n] = 1; if n = 0)

V1 =X[1]+3 ¥(0) =0+ K=2 K

yi2l=x2] +< y(1) =0+ .2 K=(0)?K
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y[n] =x[n] +§ y[n-1] == (i)2 K

Since this system is an LTI, its input-output behaviour is completely characterized by its
impulse response.

If K=1orx[n] =6 [n], the output y[n] becomes the impulse response, i.e.,

hinl= ()2 uln]
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PROPERTIES OF SYSTEMS

Systems are classified into the following categories:

Linear and Non-linear Systems
. Time Variant and Time Invariant Systems
Linear Time variant and Linear Time invariant Systems
Static and Dynamic Systems
Causal and Non-causal Systems
Invertible and Non-Invertible Systems
Stable and Unstable Systems

Linear and Non-linear Systems

A linear system possesses the important property of super position: if an input
consists of weighted sum of several signals, the output is also weighted sum of the
responses of the system to each of those input signals. Mathematically let {y1[n]} be
the response of the system to the input {x1[n]} and let {y2[n]} be the response of the
system to the input {x2[n]}. Then the system is linear if:

1. Additivity: The response to {x1[n]} + {x2[n]} is {y1[n]} + {y2[n]}

2. Homogeneity: The response to a{xi[n]} is a{yi[n]}, where a is any real number if we
are considering only real signals and a is any complex number if we are considering
complex valued signals. A system is said to be linear when it satisfies superposition and
homogenate principles. Consider two systems with inputs as xi(t), x2(t), and outputs as
ya(t), y2(t) respectively. Then, according to the superposition and homogenate principles,

Tlayx,(t) + axx, ()] = a1 T[x1 ()] + a;T[x, ()]

Hence,
Tla;x,(t) + ax2(t)] = a1y, (t) + ay,(t)

From the above expression, is clear that response of overall system is equal to
response of individual system.

Example:

y(t) = x(t)

Solution:

ya(t) = Thxa(t)] = x2(t)
ya(t) = Tlx2(t)] = x22(t)

T [31X1(t) + 32X2(t)] = [alxl(t) + 32X2(t)]2
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Which is not equal to a1yi(t) + a2y2(t). Hence the system is said to be non-linear.

2. Time Variant and Time Invariant Systems

A system is said to be time invariant if the behaviour and characteristics
of the system do not change with time. Thus, a system is said to be time invariant if a
time delay or time advance in the input signal leads to identical delay or advance in the
output signal. Mathematically if

inl} = T{x[n]}

Then
{y[n —nel} = T({x[n — nel})
The condition for time invariant system is:
y(n, t) = y(n-t)
The condition for time variant system is:
y (n, t) # y(n-t)
wherey (n, t) = T[x(n-t)] = input change
y(n-t) = output change
Example 1:
y(n) = x(-n)
y(n, t) = T[x(n-t)] = x(-n-t)
y(n-t) = x(-(n-t)) = x(-n + t)
~ y(n, t) # y(n-t). Hence, the system is time variant.
Example 2:
y(n)=nx(n)
y(n, t)= T[x(n-t)]=nx(n-t)
y(n-t)=(n-t)x(n-t)
~y(n, t) # y(n-t). Hence, the system is time variant.
Linear Time variant (LTV) and Linear Time Invariant (LTI) Systems

If a system is both linear and time variant, then it is called linear time variant (LTV)
system. If a system is both linear and time Invariant then that system is called linear
time invariant (LTI) system.

Static and Dynamic Systems

Static system is memory-less whereas dynamic system is a memory system. A system
is said to be memory less if the output for each value of the independent variable at a
given time n depends only on the input value at time n. For example, system specified
by the relationship y[n] = cos(x[n]) + z is memory less. A particularly simple memory less
system is the identity system defined by y[n] = x[n] In general we can write input-output
relationship for memory less system as y[n] = g(x[n]). Not all systems are memory less.
A simple example of system with memory is a delay defined by y[n] = x[n — 1]. A system
with memory retains or stores information about input values at times other than the
current input value.
Example 1:

y(t) = 2x(t)
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For present value t=0, the system output is y(0) = 2x(0). Here, the output is only
dependent upon present input. Hence the system is memory less or static.
Example 2:
y(t) = 2 x(t) + 3 x(t-3)

For present value t=0, the system output is y(0) = 2x(0) + 3x(-3).

Here x(-3) is past value for the present input for which the system requires memory
to get this output. Hence, the system is a dynamic system.
Causal and Non-Causal Systems

A system is said to be causal if its output depends upon present and past inputs, and
does not depend upon future input. y[n] = f(x[n],x[n — 1], ...). All memory less
systems are causal.

For non-causal system, the output depends upon future inputs also.

Example 1:
y(n) = 2 x(t) + 3 x(t-3)

For present value t=1, the system output is y(1) = 2x(1) + 3x(-2).

Here, the system output only depends upon present and past inputs. Hence, the system
is causal.

Example 2:

y(n) =2 x(t) + 3 x(t-3) + 6x(t + 3)

For present value t=1, the system output is y(1) = 2x(1) + 3x(-2) + 6x(4) Here, the
system output depends upon future input. Hence the system is non-causal system.

For real time system where n actually denoted time causalities is important.
Causality is not an essential constraint in applications where n is not time, for example,
image processing. If we case doing processing on recorded data, then also causality may
not be required.

Invertible and Non-Invertible systems

A system is said to be invertible if the input signal {x[n]} can be recovered from the
output signal {y[n]}. For this to be true two different input signals should produce two
different outputs. If some different input signal produce same output signal then by
processing output we cannot say which input produced the output.

X(t) y(t) = (1)

. . ha2(t) .
hi() Invertible System

If y(t) = x(t), the system is invertible and if y(t) # x(t), then the system is said to be
non-invertible.
Example 1

k=—o0

Then x[n] = y[n] — y[n — 1]. Hence it is an invertible system.

Example if a non-invertible system is y[n] = 0. That is the system produces an all zero

sequence for any input sequence. Since every input sequence gives all zero sequence,
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we cannot find out which input produced the output. The system which produces the
sequence {x[n]} from sequence {y[n]} is called the inverse system. In communication
system, decoder is an inverse of the encoder.

Stable and Unstable Systems

The system is said to be stable only when the output is bounded for bounded input.
For a bounded input, if the output is unbounded in the system, then it is said to be
unstable.

A system is said to be BIBO stable if every bounded input produces a bounded
output. We say that a signal {x[n]} is bounded if

|x[n]] <M < o
Note: For a bounded signal, amplitude is finite.
Example 1:
y(t) = x*(t)

Let the input is u(t) (unit step bounded input) then the output y(t) = u?(t) = u(t) =
bounded output. Hence, the system is stable.
Example 2: y (t) = [x(t)dt

the input is u (t) (unit step bounded input) then the output y(t) = Ju(t)dt=ramp
signal (unbounded because amplitude of ramp is not finite it goes to infinite when t =
infinite). Hence, the system is unstable.

Example 3:

Consider a moving average system. y[n] = ! N _yx[n].

This is stable as y[n] is sum of finite numbers arig so it is bounded.
Example 4:
Consider y[n] = %Z?{;_w x[n]
This system is unstable since if we take {x[n]} = {u[n]}, the unit step then y[0] =
1,y[1] = 2,y[2] = 3,arey[n] =n + 1,n = 0, so y[n] grows without bound.
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UNSOLVED PROBLEMS

Determine if each of the following systems is causal, memoryless, time invariant,
linear, or stable. Justify your answer.

. y(t) = 2x(t) + 3x%(t— 1)
b. y(t) = cos?(t)x(t)

y(t) = x(—t)

d. y(t) = x(3t)
Determine if each of the following systems is causal, memoryless, time invariant,
linear, or stable. Justify your answer.
a. y[n] = 3x[n]x[n — 1]
b. y[n] = 4x[3n — 2]
c. ylnl =2, x[k]
Using the graphical method, compute and sketch y[n] = x[n] * h[n] for
a. x[n] =u[n]andh[n] = (1/2)"u[n — 1]
b. x[n] = 1and h[n] = §[n] —26[n — 1] + &[n — 2]
c. x[n] =u[n—1]—u[n—3]andh[n] = —u[n] + u[n — 3]
Using the graphical method, compute and sketch y[n] = x[n] * h[n] for
a. h(t) = e tu(t) and x(t) = 2u(t) — 2u(t — 1)
b. h(t) = e !and x(t) = u(t)
c. h(t) =etu(—t)and x(t) = u(t — 2)
Suppose the input to LTI system is x(t) and impulse response is h(t), find the output of the

system
x(1) h(t)
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OUTCOMES & CONTENTS

Module
Outcomes

Description

Duration
(Hours)

Cognitive
Level

co3

Explain Fourier representation of signals

M3.01

Apply Fourier series and discrete time
Fourierseries

Applying

Summarize the properties of Fourier series

Understan
ding

Explain sampling theorem,
aliasing,reconstruction

Understan
ding

M3.04

Apply Fourier transform, discrete time Fourier
transform

Applying

Contents:

Fourier representation of four class of signals
e Continuous time periodic signal: Fourier series (FS)

Sampling theorem, aliasing, reconstruction

e Discrete time periodic signal: Discrete time Fourier series (DTFS)

e Continuous time non-periodic signal: Fourier transform (FT)

e Discrete time non-periodic signal: Discrete time Fourier transform (DTFT)
Properties of Fourier representation — linearity, symmetry, time shift, frequency
shift, scaling, differentiation and integration, convolution and modulation
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FOURIER REPRESENTATION OF SIGNALS

INTRODUCTION

The Fourier representation of a signal refers to expressing the signal in terms of its
frequency components using Fourier analysis. It allows us to decompose a signal into a sum
of sinusoidal functions of different frequencies, amplitudes, and phases. The basic idea
behind the Fourier representation is that any periodic or non-periodic signal can be
represented as a combination of sine and cosine functions with different frequencies. These
sinusoidal functions are referred to as Fourier components or Fourier harmonics.

There are four distinct Fourier representations, each applicable to a different class of
signals. These four classes are defined by the periodicity properties of a signal and whether it
is continuous or discrete time:

o,

+* Periodic signals have Fourier series representations. The Fourier series (FS) applies to
continuous-time periodic signals and the discrete time Fourier series (DTFS) applies to
discrete time periodic signals.

Non-periodic signals have Fourier transform representations. If the signal is
continuous time and non-periodic, the representation is termed the Fourier transform
(FT). If the signal is discrete time and non-periodic, then the representation is termed
the discrete time Fourier transform (DTFT).

FOUR DISTINCT FOURIER REPRESENTATIONS

Time Property Periodic Non-periodic

Continuous Fourier Series Fourier Transform
(t) (FS) (FT)

. Discrete-Time Fourier | Discrete-Time Fourier
Discrete

[n]

Series Transform
(DTFS) (DTFT)
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The Fourier representation provides valuable information about the frequency

content of a signal. By decomposing the signal into its frequency components, we can analyse
its spectral content, identify dominant frequencies, filter out unwanted components, and
manipulate signals in the frequency domain. It has widespread applications in fields such as
signal processing, communications, audio and image processing, and many others.
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FOURIER SERIES REPRESENTATION OF CONTINUOUS TIME PERIODIC SIGNALS
(CTFS)

Any signal can be represented as a linear combination of some basis signals. As already

discussed, continuous time signals can be represented as a linear combination of shifted and
scaled impulses. Here the basis signal is an impulse. In a similar way, sinusoids or complex
exponentials are commonly used as basic functions for representing signals in the frequency
domain.

In the case of continuous-time signals, a signal can be decomposed into a sum of
sinusoidal or complex exponential functions with different frequencies, amplitudes, and
phases. This representation is known as the Continuous Time Fourier series representation.
The Fourier series allows us to express a periodic signal as a linear combination of harmonic
components.

A periodic signal is one which repeat itself periodically over —oo < ¢ <0,
i.e., A signal is periodic if, x(z) = x(¢+T) for all ¢
where, T is the fundamental period andw, =27 /T is referred to as the fundamental
frequency.

The two basic periodic signals are the sinusoidal signal and the complex exponential
signal.

x(t) = cos(w,t)

x(t) = e

Both of these signals are periodic with fundamental period T and fundamental
frequency @, =27z /T . The Fourier series is a decomposition of such periodic signals into the

sum of a (possibly infinite) number of complex exponentials whose frequencies are
harmonically related.

The set of harmonically related complex exponentials is given by
¢ (1) =" =D | =0,%1,42,...

Thus, a periodic signal x(¢) can be represented as

x(t) = Z ¢, where w, =27z /T = Fundamental Frequency

n=—0

¢, = fourier coefficients and £nw, = harmonic frequencies

The term for n=0 is a constant
The terms for n=#1 are the fundamental/first harmonic components
The terms for n=#2 are the second harmonic components
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The terms for n=+N are the N harmonic components
COMPUTING FOURIER COEFFICIENTS

— jkayt

Multiply above equation by e and integrate over one period.

Then,

ty+T 0+ o
'[ x(t)e_jkwotdt: I |:Z c ejnwnt:|e—jka)0;dt

I f, Ln=-—®

to+T

00
i t - jkaoyt
-3, [ et
n=—o0 [0

. . . ot inwyt _— jkayt 0’ k:'tn
Substituting the relation J. e"e MM dt =
T, k=n

)

} in the above equation we get,

ty+T
— jkayt
J. x(t)e " dt =Tc,

ty

ty+T
¢ =— J- x(t)e ' dt

to+T

— = jnayt
6= j x(t)e " dt

n
ty

Where c, are the Fourier series coefficients or spectral coefficients of x(¢)

Thus, the Fourier series of a continuous time periodic signal is given by the following
equations:

+00 +00
ik ik(27z/T . .
x()= ) c, e =>" ¢ Synthesis Equation
n=—0 1=—00

T T

1 eyt g, 1 —jkQr/T) . ]
¢, = ;Ix(t)e dt = ?J.x(t)e dt Analysis Equation

0 0

SITTTR KALAMASSERY 2021 REVISION DIPLOMA IN EC & BE




SIGNALS & SYSTEMS — LEARNING MATERIAL

FREQUENCY SPECTRUM OF CONTINUOUS TIME PERIODIC SIGNALS

The exponential representation of a periodic signal x(z) contains amplitude
coefficients ¢, which are complex. i.e., The Fourier coefficient, is a complex quantity and so
it can be expressed as:

c, =|c,|Lc,

Where, cn| = magnitude of ¢, and Zc, = phase of c,

The term, |c,| represents the magnitude of nth harmonic component and term Zc,

denotes the phase of n" harmonic component. Therefore, we can plot two spectra, the

magnitude spectrum (|cn| versus n) and phase spectrum (angle ¢, versus n). The plot of

harmonic magnitude/phase of a signal versus ‘n’ is called frequency spectrum (or Line
spectrum). The plot of harmonic magnitude versus ‘n’ is called magnitude spectrum and the
plot of harmonic phase vs ‘n’ is called phase spectrum. The two plots together are known as
Fourier frequency spectra of x(¢). It is also known as frequency domain representation. The

Fourier spectrum exists only at discrete frequencies nw, wheren =0, 1, 2 ... hence it is also

known as discrete spectrum.

The spectra can be plotted for both positive & negative frequencies. Hence it is called
two-sided spectra. The magnitude spectrum is symmetrical about the vertical axis passing
through the origin and phase spectrum is anti-symmetrical about the vertical axis passing
through origin. So, magnitude spectrum exhibits even symmetry & phase spectrum exhibits
odd symmetry.

POWER CONTENT OF A PERIODIC SIGNAL
The average power of a periodic signal x(¢) over any period is

1
P=— [ x@ d

If x(¢) is represented by the complex exponential Fourier series, then we can compute

the power of the signal from the Fourier coefficients:

+00

1
= @ de=3 e,

This equation is called Parseval’s identity (or Parseval’s Theorem) for the Fourier
series. The significance of this result is that the power of a signal is directly dependent on the
magnitude square of its Fourier coefficients. Hence, the energy or power of a signal in the
time domain is equal to the energy or power in the frequency domain.
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CONDITIONS FOR EXISTENCE OF FOURIER SERIES

Every signal x(¢) of period T satisfying following conditions known as Dirichlet’s conditions,

can be expressed in the form of Fourier series

1. The signal should have only a finite number of maxima and minima over a given period.
2. The signal must possess only a finite number of discontinuities over a given period.
3. The signal must be absolutely integrable over a given period i.e.,

[ de <0

0

It guarantees that each coefficient ¢, will be finite, i.e.,
lc,| < o0

Example 1.

Consider a periodic signal x(z), with fundamental frequency 27 that is expressed in

the form of equation as

+3 )
x(t) = Z akeijm
k=-3

1S
S
Il
—_
S

-

K
Il
2

S

8]
I
S

b
Il

-

)
w

Il
8
w

Il

Rewriting the equation and collecting each of the harmonic components which have
the same frequency, we obtain

1 i —j27m l j4 7l —j4r 1 j67 —jbr
x(t):1+—(e’2’” +e/? ’)+—(e’4 "pe/t ’)+—(e-’6 "ye /¢ ’)
4 2 3
Equivalently, using Euler’s relation, we can write x(¢) in form

1 2
x(t)=1+ 5 cos 27zt +cos 4t + 3 cos 6t
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Figure below gives the graphical illustration of how the signal x(z) is built up from its

harmonic components

Xy = ‘E cos 2t

1st harmonic
component

Xp(t) = cos 4wt

2nd

t =1
"l harmonic
DC

component
x{t) = Xplt} + x4{t) +xolt) + xa(t)

xglt) = % cos 8wt

3rd harmonic
component

Example 2.
Find the Fourier Series of sin(w,t)

The fundamental period of sin(w,t) is @,. By inspection we can write:

. 1 |
sin(ayt) =—e’" ——e /™

2j 2j

1 1 .
So,¢, =—, ¢, =——and ¢, =0 otherwise

2j 2j
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PROPERTIES OF FOURIER SERIES

Consider a signal, x(¢) which is periodic with period, T and fundamental frequency,
w,=2r/T

Let the Fourier coefficients of x(#) be denoted by C,
Then,
x()«L—c,

Linearity

If x(1)«L—c, and y(t)«2—>d,

Then, ax(t) +by(t)«2—ac, +bd,

i.e., Fourier Series is a linear operation.

. Time Shifting
If x()«—c,
Then according to time shifting property,
x(t—t,) s Me,
i.e., Magnitude of Fourier Series coefficients remains unchanged when the signal is
shifted in time.

Frequency Shifting

If x()«—c,

Then according to frequency shifting property,
"M x(t)«2>C

(n—m)

. Time Scaling
If x(¢) is periodic with period T, then x(at) will be periodic with period 7'/ a; a>0

If x(1)«L—c,
Then x(at)«2—>c,
Thus, after time scaling FS coefficients are the same. But, the spacing between the

frequency components changes from o, to aw, or from 1/7T to a/T

. Time Inversion
Time inversion property states that

If x(n)«Z>c,

Then x(—t)«2—c,
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Differentiation in Time
According to this property, if x(t)<2—c,

Then %x(t) s (jnw,)c,

Integration
If x(t)«—c,

n

Then jx(z)dz<F—S> L
Jjna,

Convolution

If x(t)«—c, and y(t)«2—>d,

Then x(t)* y(t) «=—>Tc,d,

Hence, the convolution in time domain leads to multiplication of Fourier series
coefficients in Fourier series domain.

Multiplication in Time Domain

If x(t)«L—c, and y(t)«2—d,

We have x()y(t) <2 > ¢,d,_,

m=—0

Multiplication in time domain leads to convolution in Fourier series domain.

. Symmetry
Symmetry properties state that
If x(¢) is real, then —>¢, =c

*

If x(¢) is imaginary, then,—>c¢, =—c

—n
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FOURIER SERIES REPRESENTATION OF DISCRETE TIME PERIODIC SIGNALS
(DTFS)

As with continuous time signals, a periodic discrete time signal with fundamental

period N can be expressed as a series combination of N harmonically related complex
exponentials. The summation of the frequency components gives the Fourier series
representation of periodic discrete time signal, where the discrete time signal is represented
as a function of frequency w. The Fourier series of discrete time signal is called Discrete Time
Fourier Series (DTFS). The frequency components are also called frequency spectrum of the
discrete time signal. Unlike FS representation of continuous time signals, DTFS is finite.

Let x(n) be a periodic signal with a fundamental period N, i.e.,
x(n)=x(n+N)

An N-periodic discrete-time signal can be expanded as,

N-1
x(n) — chejZHkn/N
k=0

N-1
ke,
=D ce
k=0
Where,

¢, = Fourier Coefficients
®, =27/ N = Fundamental frequency of x(n)

kw,= k" harmonic frequency of x(n)

Jke,n

ce "= k" harmonic component of x(#)

The Fourier coefficients, ¢, can be evaluated using the equation

1 N-1 )
Ck — _Zx(n)e—JZHkn/N
"=0 for k=0,1,2,...N—1

1 N-1
—ZX(I/Z)Q_jkw"n
Nn:O

The Fourier coefficient ¢, represents the amplitude and phase associated with the k"

frequency component. Hence, we can say that the Fourier coefficients provide the description
of x(n) in the frequency domain.
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COMPUTING FOURIER COEFFICIENTS

—j2zxmn/ N

Multiply expression for x(n) with e and sum over time n over one period:

1 N-1

N-1
-j2 /N j27kn/ N
— > e/ x(x(n): E c.e’ ™ j
N i3

k=0

Here the right-hand side becomes

1 N-1 N-1
. j2n(k—m)n/N
LSS
k=0 n=0

which vanishes if m # &k, because

N

ZejZﬂ'(k—m)n/N —

=0

! {N, ifk—m:O,iN,J_er,..}

0, otherwise

27 (k— /N
jamtk=mn/N _ .

m

1 N-1

-j2 /N
—Zx(n)e st =
Nn=0

1 N-1
—Jj27kn/N
c, =—Zx(n)e e
Nn:O

Thus, the Fourier series (DTFS) of a discrete time periodic signal is given by the following
equations:

N-1 N-1
ik j2kn/ N . .
x(t) =Y ¢ =) c e Synthesis Equation
k=0 k=0

N-1

1 “ —Jj2mkn l —jka,n
c, =ﬁ2x(n)e J2rkniN =N2x(n)e e pnalysis Equation
n=0

n=0
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DIFFERENCE BETWEEN CONTINUOUS TIME AND DISCRETE TIME FOURIER SERIES

1. Thefrequency range of continuous time signal is from —oco to +0, and so it has infinite
frequency spectrum.

2. The frequency range of discrete time signal is 0 to 27z (or —z to +7) and so it has
infinite frequency spectrum. A discrete time signal with fundamental period N will
have N frequency components whose frequencies are,

o, =2rk/N for k=0,1,2,...,N—1

FREQUENCY SPECTRUM OF DISCRETE TIME PERIODIC SIGNALS
The DTFS representation of a periodic signal x(n) contains Fourier coefficients, c,
which are complex and can be expressed as:
c, =|ck|éck ; k=0,1,2,.....N—1

Where, |c,|is the magnitude of ¢, and Zc, is the phase of ¢,

The term, ck| represents the magnitude of &” harmonic component and term Zc,

denotes the phase of k" harmonic component. The plot of harmonic magnitude/phase of a
discrete time signal versus ‘&’ is called frequency spectrum. The plot of harmonic magnitude
versus ‘k’ is called magnitude spectrum and the plot of harmonic phase vs ‘ &k’ is called phase
spectrum.

The Fourier coefficients are periodic with period N
Coan =G
Since Fourier coefficients are periodic, we say frequency spectrum of DT periodic
signal is periodic, with period N

PROPERTIES OF DISCRETE TIME FOURIER TRANSFORM

Consider a signal x(n) which is periodic with period N and fundamental frequency

®, =27/ N Let the Fourier coefficients of x(n) be denoted by ¢,
Then,
x(n) <2,

1. Linearity
If x(n) <22 ¢, and y(n)«2>d,
Then, ax(n)+by(n) <22 —ac, +bd,

i.e., Fourier Series is a linear operation.
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. Time Shifting
If x(n) <22,
Then according to time shifting property,
x(n—m) <25 e,
i.e., Magnitude of Fourier Series coefficients remains unchanged when the signal is
shifted in time.

Frequency Shifting

If x(n) <22,

Then according to frequency shifting property,
e"Vx(t) e,

. Time Scaling
If x(n) is periodic with period N, then x(n/m) (where N multiple of m) will be periodic
with period mN
If x(n)«2—c,

m m

Then X(E}F_S,lck

. Time Reversal
Time inversion property states that
If x(n) <22,

Then, x(-n)«25>c |

Multiplication

If x(n) <22 ¢, and y(n)«2>d,

N-1
We have x(n)y(n) <« Z c,d,_,

m=0

Multiplication in time domain leads to convolution in Fourier series domain.

Convolution

If x(n) «2=>¢, and y(n)«2—d,

N-1
We have » x(m)y((n—m)), <22 Nc,d,

m=0
Symmetry
Symmetry properties state that
If x(n) isreal, then ¢, =c,

s

If x(n) isimaginary, then ¢, =—c
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SAMPLING OF CONTINUOUS TIME (ANALOG) SIGNALS

The sampling is the process of conversion of a continuous time signal into a discrete
time signal.

We can obtain a discrete-time signal by sampling a continuous-time signal at equally
spaced time instants,

t=nT,
x(n)=x(nT); —o<n<o
The individual values x(n) are called the samples of the continuous time signal, x(?).

Usually, the time interval between successive samples will be the same and such type
of sampling is called periodic or uniform sampling. The time interval T, between successive

samples is called sampling period. The inverse of the sampling period is called sampling
frequency or sampling rate and is denoted by f,

Mathematically, we can write it as,

S =VT,
Where,

T = sampling period in seconds

/. =sampling rate in Hertz

x(t)

The following figure shows a continuous-time signal x(¢) and the corresponding
sampled signal x (). When x(¢) is multiplied by a periodic impulse train, the sampled

signal x,(¢) is obtained.
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x (t)

Continuous-time
signal

Xs (1)

Sampled signal

SAMPLING THEOREM

A bandlimited continuous time signal with maximum frequency f, can be
represented in its samples and can be recovered back when sampling frequency f, is
greater than or equal to the twice the highest frequency component f, of message signal.

i. e.,

1221,

In other words, Bandlimited continuous time signals when sampled properly, can be
represented as discrete-time signals with no loss of information. This remarkable result is
known as the Sampling Theorem.

Sampling theorem is the bridge between continuous-time and discrete-time signals. It states
how often we must sample in order not to lose any information.

NYQUIST RATE

When the sampling frequency f, is equal to twice the maximum frequency of the given

signal, the sampling rate is called Nyquist rate. It is the minimum sampling frequency needed
to reconstruct the analog signal from sampled waveform. The corresponding sampling

. | - L
interval 7, = —— is called the Nyquist interval

m

SITTTR KALAMASSERY 2021 REVISION DIPLOMA IN EC & BE




SIGNALS & SYSTEMS — LEARNING MATERIAL

Proof: Consider a continuous time signal x(z). The spectrum of x(¢) is a band limited to f,

Hz i.e. the spectrum of x(z) is zero for |a)| >, .

x(t)

X(t)

>

o)

multiplier

‘ Xs{t}

A1t v

-2Ts -Ts Ts 2Ts t l*

Xs(jw)
A N

Sampling of input signal x(¢) can be obtained by multiplying x(¢#) with an impulse

train p(¢) of period T,. The output of multiplier is a discrete signal called sampled signal

which is represented with x (¢) in the following diagrams:

Here, you can observe that the sampled signal takes the period of impulse. The
process of sampling can be explained by the following mathematical expression:

The expression for a pulse train is given by,

p0)= Y 8(-nT)

The sampled version of the continuous time signal, x(¢) is

o0

%0 =x(Op(t) = Y, x5 -nT) =Y X(nT)5(t-nT,)

n=—0w n=—x
We can derive the complex Fourier series of a pulse train:

p()= Y ¢, where o, =27/T,

k=—

T/2 T/2

¢ -1 j p(t)e " dt =% j S(t)e " dt :%[e_jkw],_o =%

T—T/2 =T/2
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o0

1
p()= 2~
k=—x0 T

The Fourier series of the sampled signal, x () is:

o0

x,(0) = pOx(1) = Y = ()"
=T
Recalling the Fourier transform properties of linearity (the transform of a sum is the
sum of the transforms) and modulation (multiplication by a complex exponential produces a
shift in the frequency domain), we can write an expression for the Fourier transform of our
sampled signal:

X,(jo)=FT {x,(0)}

=FT{p(t)x(t)} =FT { Zw: % x(t)e-"’“"f’}

k=—o0

= %k:l FT {x(t)ejk”“' }

=%§XMwmm>

Thus, the Fourier transform of the sampled signal is given by an infinite sum of
frequency shifted and amplitude scaled replicas of the spectrum of original continuous time
signal.

Since the original signal, x(¢#) is bandlimited, the highest frequency component

presentinitis f, .
i.e.,
X(jw)=0; for |a)| >,

To reconstruct x(¢#), we must recover input signal spectrum X(w) from sampled
signal spectrum X (j®), which is possible when there is no overlapping between the cycles

of X, (jw).

Depending on the relation between maximum frequency content, f,

m

of the original

signal and the sampling frequency f., we have two cases:

1. f.22f : The replicas of original spectrum do not overlap and the signal can be

reconstructed from the sample spectrum. Here the signal is perfectly sampled without
any information loss.
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2. f.<2f, : The replicas of original spectrum overlap leading to mixing up and loss of

information. This unwanted phenomenon of overlapping is called as Aliasing

fs - Efm

/\ / /\ /\over sampling
fs = 2fm
perfect sampling
fs < 2fm
/\( under sampling

-Ws 0

ALIASING

Aliasing can be referred to as “the phenomenon of a high-frequency component in the
spectrum of a signal, taking on the identity of a low-frequency component in the spectrum of
its sampled version.”

The corrective measures taken to reduce the effect of Aliasing are:

¢ Alow pass anti-aliasing filter is employed, before the sampler, to eliminate the high
frequency components, which are unwanted.
The signal which is sampled after filtering, is sampled at a rate slightly higher than the
Nyquist rate. i.e., f, >2f

SIGNAL RECONSTRUCTION

When the spectrum of sampled signal has no aliasing then it is possible to recover
the original signal from the sampled signal.
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In order to reconstruct the original signal x(¢), we can use an ideal lowpass filter on

the sampled spectrum which has a bandwidth B of any value between f, and (f, - f,).The
filter will pass only the portion of sampled spectrum, X (f), centred at f =0and will reject
all its replicas at f =nf,, forn=0. This implies that the shape of the continuous time signal

x,(t), will be retained at the output of the ideal filter.

The frequency response of the lowpass filter is:

fﬂjw)Z{

T, —Béa)SB}

0, elsewhere

x (1) = x(r)p(r)

H(w)

Lowpass filter

H(jw)|

£.x(0)

fs (Fs+fm) -fm 0 £ (=t} E

Reconstruction process is possible only if the shaded parts do not overlap. This
means that f, must be greater that twice f, .
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Properties of Continuous Time Fourier Series

Fourer Tranzform

Periodic Signal

b

Periodic with Period T and

fundamental frequency wp =

w

(o

Linearity

Ax(t) + By(t)

Aﬂ-;; +E[J'll-

Time Shifting

x(t—ty)

. . I
a,-l-e_fk“'u'*u — arll_g—,lfft Fito

Frequency Shifting

giMunt y(t)

Conjugation

x°(t)

Time Eeversal

x(—t)

Time Scaling

x(at), a
T
= 0 (Periodic with period E:]

Periodic Convolution

xl(g) =+ y(t) = f Tyt —t)dr
T

Tﬂrll- br'n'

Multiplication

x(t)y(t)

4o

Z aby_y

[=—o

Differentiation

d
Ex(t)

2
JRapay =1k?ﬂﬂk

Integration

f -‘ x(t)dr

(finite value an_ﬂmpericudic only if @y =
0)

( 1 ) 1
——ar =| —= |a
Jhas, k :,szn-

G'.k = ﬂ_r_‘.‘

Conjugate Symmetry for Feal
Signals

x(t) is real

Relay} = Rela_;}
Im{a;} = —Im{a_;}
lag| = la_|
Ady = —<ld_j

Syvnunetry for Feal and Even

x(t)is real and even

ay is real and even

Signals
Svmumetry for Real and Odd
Signals

x(t)is real and odd

ag is purely inmaginary and odd

Rela,}

Even-Odd Decomposition for

x (t) = Evi{x(t)} [x(t)real]

x,(8) = 0d{x(t)} [x(t)real]

jIm{a;}

Feal Signals

Parzeval’s Relation for Periodic
Signals

1 . .
[ word= ) o
T

o

k=—os
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Properties of Discrete Time Fourier Serdes

Property

Penodic Signal

Founer Transform

et

frequency wy =—

Periodic with Period N and fundamental

2
N

1.
{b; Periodic with Period N

Linearity

Ax[n] + By[n]

Time Shifting

x[n —ngl

Frequency Shifing

NG )

Conjugation

x*[n]

Time Feversal

x[—n]

Time Scaling

Xy [11]

n
= { x [;] if nis a multiple of m
0 if nisnot amultipleof m
(periodic with period mN)

ﬁ a (viewed as periodic
With period mi)

Periodic Convolution

. xlrlyln—1]

r=<Nx>

!"ET&R- b]-.'

Multiplication

x[n]vn]

arby_i

=< N>

First Dhfference

x[n] —x[n—1]

“_ _ S_Ji kZmin ]ak

Bunning Sum

k=—z=

Finite valued and periodic only if ag =10

1

T _jEEmy |
{l—e N

Conjugate Symmetry for Real
Signals

x[n]is real

agp =a_p
Refa;} = Refa_;}
Im{a;} = —Im{a_;}
|| = a_gl
ﬁT.(I-k = —‘ia-_k

Symmetsy for Beal and Even
Siznals

x[n]is real and even

ay isreal and even

Symmetry for Real and Odd Signals

x[n] is real and edd

ay is purely inmaginary and odd

Even-Odd Decomposition for Feal
Signals

xr[n] = Evix[n]} [x(threal]
x5[n] = 0d{x[n]} [x(t)real]

Refa;}
Jimiap}

Parzeval's Relation for Peniodic
Signals

=3 pnr =

A==N>=

Ja [*

k=<N=
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CONTINUOUS TIME FOURIER TRANSFORM

INTRODUCTION

The main drawback of Fourier series is, it is only applicable to periodic signals. There
are some naturally produced signals such as nonperiodic or aperiodic, which we cannot
represent using Fourier series. To overcome this shortcoming, Fourier developed a
mathematical model to transform signals between time (or spatial) domain to frequency
domain & vice versa, which is called 'Fourier transform".

Fourier transform has many applications in physics and engineering such as analysis
of LTI systems, RADAR, astronomy, signal processing etc.

PURPOSE

¢ Non-periodic signals can be represented with the help of Fourier Transform

¢ Fourier transform provides efficient reversible link between frequency domain and time
domain representation of signals.

* For non-periodic signals, as time period tends to infinity and fundamental frequency
tends to zero, spacing between spectral components becomes infinitesimal and
spectrum appears to be continuous.

FOURIER SERIES FROM FOURIER TRANSFORM

Suppose that we are given a signal x(t) that is aperiodic. As a concrete example,
suppose that x(t) is a square pulse, with x(t) = 1 if -T1 <t < T1, and zero elsewhere. Clearly
X(t) is not periodic.

Now define a new signal X(t),which is a periodic extension of x(t) with period T. In
other words, X(t) is obtained by repeating x(t), where each copy is shifted T units in time.
This X(t) has a Fourier series representation, which we found in the last section to be

27 _ 2sin(kwoT)

=" T T

Now recall that the Fourier series coefficients are calculated as follows:

Z
2

1 3
ap = f/_ .i’(f)ﬁ'._kantdt.

However, we note that x(t) = X(¢t) in the interval of integration, and thus

1
ap = —
k= p 1

Furthermore, since x(t) is zero for all t outside the interval of integration, we can

z(t)e~ihwot s

T
2

expand the limits of the integral to obtain
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a, = L3 fx x(t)e= kot gt

o0

Let us define

(s o}
X(jw) = / (t)e=74tdr,
—o0

This is called the Fourier transform of the signal x(t), and the Fourier series
coefficients can be viewed as samples of the Fourier transform, scaled by T1, i.e.,

1
ap = ?X(jkw()).k € Z.

Now consider the fact that

o0 oo

#)= 3 ape™ot = 13 X(jhuwp)el et

k=—0c k=—o00

. 2T .
Since wy = - this becomes

oC

> X(jkwo)e*0luwy

Now consider what happens as the period T gets bigger. In this case, X¥(t)
approaches x(t), and so the above expression becomes a representation of x(t). AsT — oo,
we have wy = 0. Since each term in the summand can be viewed as the area of the
rectangle whose height is X (jkwq)e /¥“ot and whose base goes from kw, to (k + 1)w,,
we see that as wy = 0, the sum on the right-hand side approaches the area underneath the
curve X(jw)e /*t (where t is held fixed). Thus, as T — oo, we have

1 [~ -
x(t) = 27‘rf X (jw)ed“tdw

Thus, we have the following

Given a continuous-time signal x(t), the Fourier
Transform of the signal is given by

X(jw) = / 2(t)e=i“tdt

— 0

The Inverse Fourier Transform of the signal is given by

z(t) = %/ X (jw)el“tdw
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The Fourier transform X (jw) is also called the spectrum of the signal, as it
represents the contribution of the complex exponential of frequency w to the signal x(t).

Example 1

Consider the signal x(t) = e°tu(t), a>0. Evaluate the Fourier transform of this signal.

X(jw):f m(t)e‘j“’tdtﬁ/ e~ eIt gt
—00 0

__ 1 ™
a+ jw 0
1

a+jw’

To visualize X (jw), we plot its magnitude and phase on separate plots (since X (jw)
is complex-valued in general). We have

. 1 ) 1 (W

f(t)=exp(-a*tult)

Amplitude spectrum Phase spectrum

Example 2

Find the Fourier transform of the signal x(t) = (t)

X (jw) = / T S()e—etdt = 1

— 00

In other words, the spectrum of the impulse function has an equal contribution at all frequencies.

Example 3

Find the Fourier transform of the signal x(t) which is equal to 1 for -T; <t < T; and zero elsewhere.

T s
X (jw) —f 1 e~ 1vtdt = i (ej‘”'Tl — e_j“"Tl) = M
7 Jjw w
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—n/T7)T,
w

Example 4

Find the Fourier transform of f(t) = e~%ltl, where a > 0

0 o9
Fw) = f e ltlegmivt gy = ] e eIt gt +[ g Whg 2t gy

_— e 0
| 1
a—jw a4+ jw
2a

Example 5

Find the inverse Fourier transform of

w| < W
w| > W

1 [ .
zl1) = 21«1’/ X (jw)e?¥tdw

sin(Wt)
nt

The previous two examples showed the following. When x(t) is a square pulse, then X(jw) =

ZSIHTW and when X(jw) is a square pulse, x(t) = Sn::/t.
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EXISTENCE OF FOURIER TRANSFORM

There are a set of sufficient conditions called Dirichlet conditions under which a
continuous-time signal x(t) is guaranteed to have a Fourier transform:

1. x(t) is absolutely integrable: ffooolx(t)ldt <

2. X(t) has a finite number of maxima and minima in any finite interval.
3. x(t) has a finite number of discontinuities in any finite interval, and each of these
discontinuities is finite.

PROPERTIES OF THE CONTINUOUS-TIME FOURIER TRANSFORM

Suppose x(t) is a time-domain signal, and X(jw) is its Fourier transform. We then say

X (jw) = Fla(t)}
2(t) = FHX(jw)}

We can also use the notation

x(t) RN X (jw)

to indicate that x(t) and X(jw) are Fourier transform pairs.

1. Linearity
If F[x(t)] = X(jw) and F[y(t)] = Y(jw), then for any constanta and b
Flax(t) + by(t)] = aX(jw) + bY (jw)
Meaning: The Fourier transform of linear combination of signals is equal to their
linear combination of their Fourier transforms.
2. Time Shifting
If F[x(t)] = X(jw), then for any constant to,
Flx(t — ty)] = e /@t X (jw)
Meaning: A shift of to in time domain is equivalent to introducing a phase shift of
—wty. Amplitude remains the same
Frequency shifting
If F[x(t)] = X(jw), then
elPtx(t) = X(w — B)
Meaning: By shifting the frequency by B in frequency domain is equivalent to
multiplying the time domain by e/Ft.
4. Time scaling
If F[x(t)] = X(jw), then for any constant a, then
1 Jjw
Flx(at)] = —X (—)

la] " \a

Meaning: Compression of a signal in time domain is equivalent to expansion in
frequency domain and vice-versa.
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. Time differentiation
If F[x(t)] = X(jw),then
dF [x(t)]
dt
Meaning: Differentiation in time domain corresponds to multiplying by jw in

= joX(jw)

frequency domain.
Frequency differentiation
If F[x(t)] = X(jw),then
. dX(jw)

Fl-jex(®)] = —
Meaning: Differentiating the frequency spectrum is equivalent to multiplying the
time domain signal by the complex number -jt.
Integration
If F[x(t)] = X(jw),then

F lf x(t)dt =jin(ja)) + X (0)5(w)

Meaning: Integration in time domain represents smoothing in frequency domain.
. Convolution
If F[x(t)] = X(jw) and F[h(t)] = H(jw), then
Flx(®) * h(©)] = X(jw)H(jw)
Meaning: Fourier transform of convolution of two signals in time domain is equal to
the product of individual Fourier transforms

Modulation
If F[x(t)] = X(jw) and F[z(t)] = Z(jw), then

1 [ 1
FIx@2@) =5 [ X©)2(0 - d¢ = 51X () » 2G)]

Meaning: Fourier transform of product of two signals is equal to the convolution of
their individual Fourier transforms.
. Duality
If F[x(t)] = X(jw), then
FIX(©)] = 2r x(—jw)
. Symmetry
Let x(t) be a real signal with xe(t) and xo(t) as its even and odd part and X(jw) =
Xr(jw) + jX;(jw), then
Flx.(t)] = Xp(jw) and F[x,(t)] = jX;(jw)
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Aperiodic signal

Fourier transform

Linearity

Time Shifting
Frequency Shifting
Conjugation

Time Reversal

Time and Frequency
Scaling
Convolution

Multiplication

Differentiation in Time

Integration

Differentiation in
Frequency

Conjugate Symmetry
for Real Signals

Symmetry for Real and
Even Signals

Symmetry for Real and
0Odd Signals

Even-Odd Decompo-
sition for Real Sig-
nals

SITTTR KALAMASSERY

x(r)

ax(t) + by(t)
x(t — o)
&/ x(¢£)
X

x(—t)

x(at)

x(t) * y(r)
x(1)y(1)

d
ax(t)

[ r x(t)dt

tx(t)

x(t) real

x(t) real and even
x(¢) real and odd

xe(t) = &v{x(0)}
x,(8) = Od{x()}

[x(f) real]
[x(t) real]

2021 REVISION

X(jw)

aX(jw) + bY(jw)
e " X(jw)
X(j(w — wo))
X' (— jw)
X(—jw)

1 (je
la| "\ a
w)

X(jw)¥(,

s J “X(OY((w - 9)do

joX(jw)

| ,
j—w-X(]w) + 7X(0)6(w)

. d )
J%X(Jw)

[ X(jw) = X*(- jw)
RelX(jw)} = Re{X(— jw)}

§ In{X(jo)} = —Im{X(— jw)}
[X(jew)| = [X(— jw)|

| X (jw) = —¥X(— jw)
X(jew) real and even

X{(jw) purely imaginary and odd

Re{X(jw)}
JIm{X(je)}
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DISCRETE TIME FOURIER TRANSFORM

INTRODUCTION

We saw that the Fourier transform for continuous-time aperiodic signals can be
obtained by taking the Fourier series of an appropriately defined periodic signal (and letting
the period go to infinity); we will follow an identical argument for discrete-time aperiodic
signals. The differences between the continuous-time and discrete-time Fourier series will
be reflected as differences between the continuous-time and discrete-time Fourier
transforms as well.

DISCRETE TIME FOURIER TRANSFORM FROM DISCRETE TIME FOURIER SERIES

Consider a general signal x[n] which is nonzero on some interval -N1<n < N; and
zero elsewhere. We create a periodic extension X[n] of this signal with period N (where N is
large enough so that there is no overlap). As N = oo, X¥[n] becomes equal to x[n] for each
finite value of n.

Since X[n] is periodic, it has a discrete-time Fourier series representation given by

N-1
z[n] = Z apelFwon

k=0
2T . . .. .
Where w, = R The Fourier series coefficients are given by

1 no+N-—1

— =5 J—jUJnkﬂ
O = = Z Z[nle

where ng is any integer. Suppose we choose ng so that the interval [-N1, N3] is contained in
[no, no+N-1]. Then since X¥[n] = x[n] in this interval, we have

ng+N-1
ay = i E 'I[T!}(J_J““k” = —
N

n=ng

The discrete time Fourier transform is defined as

o0

X(e/¥) 2 Z x[nle7¥m

n=—oo

From this, we see that a;, = NX(e”“"O), i.e., the discrete-time Fourier series coefficients are

obtained by sampling the discrete-time Fourier transform at periodic intervals of w,. Also
note that X (e/®°) is periodic in w with period 2m(since e /“™ is 2m-periodic).

Using the Fourier series representation of X[n], we now have

N-1 1

1 N-1 N-—-1
En = ) apedton = = 37 X (R0 = 3 ()
i/

k=0 k=0 k=0
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Once again, we see that each term in the summand represents the area of a
rectangle of width w, obtained from the curve X(ej“’)ef“’. As N — oo, we have wy, = 0,. In
this case, the sum of the areas of the rectangles approaches the integral of the curve
X(e/*)e/®™ and since the sum was over only N samples of the function, the integral is only
over one interval of length 2. Since X[n] approaches x[n] as N — oo, we have

1

27 o

x[n] X (e7%)e!“ " dw

This is the inverse discrete-time Fourier transform, or the synthesisequation.

The main differences between the discrete-time and continuous-time Fourier transforms
are the following.

1) The discrete-time Fourier transform X (e/®) is periodic in w with period 2, whereas
the continuous-time Fourier transform is not necessarily periodic.

2) The synthesis equation for the discrete-time Fourier transform only involves an
integral over an interval of length 2i, whereas the one for the continuous-time
Fourier transform is over the entire w axis. Both of these are due to the fact that
e/¥™ is 2m-periodic in w, whereas the continuous-time complex exponential is not.

Time Domain Frequency Domain | Time Domain __LWFI;rEt;_vf_uem::_j.-r domain
x[n] —+— ax

x(t) —1— ax
4o < ::::‘W ?

1{1"] = Z bt 1 - Z = .E Z x[n e
= Xt et £ xin gEFHigh k=N
iy, Tf xit)e 2

k=—pn
T

Continuous/Periodic HpﬂmdtciDisclTe\.( Discrete/Periodic Periodic/Discrete
<
U

x(t) —+— X(jw) b

:;i\j x[n] —— X(ef‘”)

oo i Fstgly . x
b () ili" 'I X{fayerda Ao [ o e }[’i.""']-: Z x[n) gt

= n=—on

Continuousfaperiodic | Apericdic/Continuous Discrete/aperiodic perodic’Confinuous

SITTTR KALAMASSERY 2021 REVISION DIPLOMA IN EC & BE




SIGNALS & SYSTEMS — LEARNING MATERIAL

Example 1

Find the DTFT of x[n]=a" u[n]

o0

X((_’,jw) = Z ;E[n]e—jwn

n=—oc

1

i -s)T
0

1+ %)

/\[‘un ! 7\
h\/a 0 w 2r\
tan !

w

{8/ - &) -

-,

A | i
) {b) —tan ! a1 -2

If we plot the magnitude of X(ej‘*’), we see an illustration of the “high” versus ”"low”
frequency effect. Specifically, if a > 0 then the signal x[n] does not have any oscillations and
|X(ej“’)| has its highest magnitude around even multiples of m. However, if a < 0, then the
signal x[n] oscillates between positive and negative values at each time-step; this “high-
frequency” behaviour is captured by the fact that |X(ej‘“)| has its largest magnitude near
odd multiples of m.
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Example 2

Find the DTFT of x[n]=a/"! u[n]

oo

X(e)= ) alnle" =

n=—oo

oo

Z ahi]e—jwn

n=—oo

=1

oo
Z : q e dwn i Z alte—Jwn

n=—0o n=0

o0 o0
Z :anejwn_i_z :anE—an

n=1 n=0
ael® 1
1 —ael*  1—ae ¥
I =g?

- 1—2acos(w) + a2’

e

..nﬂ”””

,hhnn"._
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PROPERTIES OF THE DISCRETE-TIME FOURIER TRANSFORM
Let x[n] and y[n] be two signals, then their DTFT is denoted by X (e/“) and Y(ej‘”).
{z[n]} «— X(e7)

The notation is used to say that left hand side is the signal x[n] whose DTFT is X(ef“’) is
given at right hand side.

1. Periodicity
The discrete-time Fourier transform is always periodic in w with period 2m.

X(e) = X (e/+27)

Linearity of DTFT
If x,[n]«"— X, (e’). and x,[n]«"— X, (e™).then

ax,[1n]+ by, [n]«<—— aX, (e’ )+ bX, (e’)

. Time shifting and frequency shifting
If x{n]«fs X(e™).

then

x[n—n,J«E—e X (™)

and

Jagn

1_[”] F lr(gv.f[m—mu ])

Differencing and accumulation
If x{n]«—— X (™).

e

then

x[n]—x[n—1] <L>(1 —e )X(Ejm) .

For signal

Vn]= i).[m] .

m=—2

its Fourier transform 1s given as

> m] -(L}#_WX(QM )+ 71X (e’?) > 6(w—27k)|

— 2
m=—0o € m=—ac
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5. Time reversal
If x[n]«——— X(e’).

then

r[-n]«E>X(—e’?)|

Time expansion

Let us define a signal with k a positive integer,

_ (x[n/k]. if nis a multiple of k
jl(k"[l}i]:{_(:. if nis not a multiple of k
Its Fourier transform is given by

X = Y malne ™ = ) a0 = Doalrk AT =™,

n=—i F=—10 F=—10

That is.

X [n]<E> X (™))

Differentiation in frequency
If a{n]<fs X(e™).

Differentiate both sides of the analysis equation X(e’™)= > xn]e "

n=—te

50 +o0 _
L‘iﬁ; ) _ > —jndnle”’™

Convolution ”=—T
If F[x(n)] = X(e’®) and F[h(n)] = H(e’®), then
Flx(n) * h(n)] = X (e/*)H(e’*)
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UNSOLVED PROBLEMS

Compute the complex-form Fourier series coefficients and sketch the magnitude and
phase spectra for
a. the signal x( t) that has fundamental period To =1, with x(t )=e™ 0<t <1.

b. the signal shown below
ALit)

Compute the discrete-time Fourier series coefficients for the signals below and
sketch the magnitude and phase spectra.
.u_4 'L‘“-dl

4 3
———E—I_ T,L—u— ; 4J_'_E_ L
= = | r 3 Fy

L2 37 )
a. |
b. x[n] =Yr_o,0(n—4k—1)
From the basic definition, compute the Fourier transforms of the signals.
a. x[n] = e Dyt -3)
b. x[n] = e~ lt+1l

Use the linearity of the DTFT to determine the DTFT of the following sum of two
right-sided exponential signals: x[n] = (0.8)"u[n] + 2(-0.5)"u[n].

Find the DTFT of x[n] = 7u[n — 1] — 7u[n — 9]

Determine the inverse DTFT of Y(ej“’) = 6cos (3w)
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OUTCOMES & CONTENTS

Module
Outcomes

Description

Duration
(Hours)

Cognitive
Level

co4

Apply Laplace transform to demonstrate the concepts of signals

andsystems

Interpret the frequency domain parameters ofa
signal using Laplace transform

Understan
ding

Illustrate the region of convergence

Understan
ding

M4.03

Outline Properties of Laplace transform

Understan
ding

M4.04

Apply Inverse Laplace transform to Signals

Applying

Contents:

Need of Laplace transform

Region of Convergence (ROC)

Advantages and limitation of Laplace transform

Laplace transform of some commonly used signals - impulse, step, ramp, parabolic,

exponential, sine and cosine functions

Properties of Laplace transform: Linearity, time shifting, time scaling, time reversal,

transform of derivatives and integrals, initial value theorem, final value theorem.

Inverse Laplace transform: simple problems (no derivation required)
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LAPLACE TRANSFORM

The Laplace transform is named after Pierre Simon De Laplace, a famous French mathematician
(1749-1827) who formulated a transformation that can convert one signal into another using a set of
laws or equations.

The Laplace transformation is the most effective method for converting differential equations
to algebraic equations. In electronics engineering, the Laplace transformation is very important to
solve problems related to signal and system, digital signal processing, and control system. In studying
the dynamic control system, the characteristics of the Laplace transform and the inverse Laplace
transformation are both employed.

A piecewise continuous function is a function that has a finite number of breaks, and this
consistency remains till the function reaches infinity.

First Let f(t) be the function of t, time forallt>0

®,

+* Then the Laplace transform of f(t), F(s) can be defined as

F(s) =ff(t)e‘“dt
0

provided that the integral exists, where the Laplace Operator, s = 0 + jw; will be real or complex
with j = V(-1).

The Laplace transform will change the differential equation into an easy-to-solve algebraic
function. This transform converts any signal into the frequency domain 's', where the complexity of the
problem reduces. Whenever you encounter any function written inside the capital letter L, instantly
identify that it is the Laplace transform of a function. It can also be represented as the capital letter of
the function related to frequency 's'. For instance, F (s), A (s), G (s), X (s), etc.

We say that F(s) is the Laplace Transform of f(t),
£(f(t)) =F(s)
or that f(t) is the inverse Laplace Transform of F(s),

£ (F(s)) = f(t)

or that f(t) and F(s) are a Laplace Transform pair,
f(t) «—£ > F(s)

Laplace transform is formulated as the integration of the product of the function with et, with
limits ranging from 0 to infinity.
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There are certain steps which need to be followed in order to do a Laplace transform of a time
function. In order to transform a given function of time f(t) into its corresponding Laplace transform,
we have to follow the following steps:

¢ First multiply f(t) by e, s being a complex number (s=0+j w).
¢ Integrate this product w.r.t time with limits as zero and infinity. This integration results in
Laplace transformation of f(t), which is denoted by F(s).

+ 3
Laplace transform of f(t) = £[f(t)] = F(s) = / flt) et
J0
when t = ()

The time function f(t) is obtained back from the Laplace transform by a process called inverse
Laplace transformation and denoted by £

I'nverse Laplace transform of Fls) = £ [F(s)] = £ [£f(t)] = f(t)

The Laplace transform is performed on a number of functions, which are —impulse, unit
impulse, step, unit step, shifted unit step, ramp, exponential decay, sine, cosine, hyperbolic sine,
hyperbolic cosine, natural logarithm, Bessel function. But the greatest advantage of applying the
Laplace transform is solving higher order differential equations easily by converting into algebraic
equations.

Laplace transform is divided into two types, namely

e one-sided Laplace transformation
e two-sided Laplace transformation.

One-sided Laplace transformation: The Laplace transformation with limits 0 to infinity is known as
one-sided. This is also known as unilateral Laplace transformation.

F(s) =ff(t)e‘5tdt
0

Two-sided Laplace transformation: The Laplace transformation with limits ranging from -infinity to
+infinity is considered as two-sided. This transformation is also known as bilateral
Laplace transformation.

F(s) = ff(t)e‘“dt
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APPLICATIONS OF LAPLACE TRANSFORM

Analysis of electrical and electronic circuits.

Breaking down complex differential equations into simpler polynomial forms.

Laplace transform gives information about steady as well as transient states.

In machine learning, the Laplace transform is used for making predictions and making analysis
in data mining.

PHYSICAL SIGNIFICANCE OF LAPLACE TRANSFORM

X/ X/ /7
L X X S X4

X/
°e

Laplace transform has no physical significance except that it transforms the time domain signal
to a complex frequency domain. It is useful to simply the mathematical computations and it can be
used for the easy analysis of signals and systems.

System modelling: Laplace Transform is used to simplify calculations in system modelling,
where large number of differential equations are used

In the telecommunications industry, it is utilized to deliver signals to both sides of the medium.
It is also utilized for a variety of technical jobs, including electrical circuit analysis, digital
signal processing, system modelling, and more.

APPLICATION OF LAPLACE TRANSFORM IN SIGNAL PROCESSING

Laplace transforms are frequently opted for signal processing. Along with the Fourier transform,
the Laplace transformis used to study signals in the frequency domain. When there are small
frequencies in the signal in the frequency domain then one can expect the signal to be smooth in the
time domain. Filtering of a signal is usually done in the frequency domain for which Laplace acts as an
important tool for converting a signal from time domain to frequency domain.

APPLICATION OF LAPLACE TRANSFORM IN CONTROL SYSTEMS

Control systems are usually designed to control the behaviour of other devices. Example
of control systems can range from a simple home heating controller to an industrial control system
regulates the behaviour of machinery.

Generally, control engineers use differential equations to describe the behaviour of various
closed loop functional blocks. Laplace transform is used here for solving these equations without the
loss of crucial variable information

Transforms are not necessary to deal with the signal and system, but
¢ They make signal formation easy and convenient.
+* These are the best ways to deal with the system.
¢+ Computation and analysis have become interesting and convenient.
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REGION OF CONVERGENCE

Region of Convergence (ROC) is defined as the set of points in s-plane for which the Laplace
transform of a function x(t) converges. In other words, the range of Re(s) (i.e. o) for which the
function X(s)converges is called the region of convergence.

ROC of Right-Sided Signals
A signal x(t) is said to be a right-sided signal if the signal x(t)= 0 for t < T1 for some finite time T
x(t)a

T

For a right-sided signal x(t), the ROC of the Laplace transform X(s) is Re(s)>o1, where o1 is a
constant. Thus, the ROC of the Laplace transform of the right-sided signal is to the right of the line o=0;.
A causal signal is an example of a right-sided signal.

ROC of Left-Sided Signals
A signal x(t) is said to be a left-sided signal if the signal x(t) = 0 for t > T, for some finite time T».
X(t)y

> 1

T,

For a left-sided signal x(t), the ROC of the Laplace transform X(s) is Re(s)<c2, where o, is a
constant. Therefore, the ROC of the Laplace transform of a left-sided signal is to the left of the line o =
02. An anti-causal signal is an example of a left-sided signal.

The range variation of o for which the Laplace transform converges is called region of convergence.

PROPERTIES OF ROC OF LAPLACE TRANSFORM

¢+ ROC contains strip lines parallel to jw axis in s-plane.

Strip Line  jw S-plane

/'_'\

\\

\\
& ™~
If x(t) is absolutely integral and it is of finite duration, then ROC is entire s-plane.
If x(t) is a right sided sequence then ROC: Re{s} > o,.
If x(t) is a left sided sequence then ROC: Re{s} < oo.
If x(t) is a two-sided sequence then ROC is the combination of two regions.

SITTTR KALAMASSERY 2021 REVISION DIPLOMA IN EC & BE




SIGNALS & SYSTEMS — LEARNING MATERIAL

ROC can be explained by making use of examples given below:
Example 1:
Find the Laplace transform and ROC of x(t) = e~ *u(t)
_ —at _ 1
LIx(0)] = Lle™u(t)] =
ROC: Re{s}>> -a
jw

/_\

™~
~
™~

Example 2:
Find the Laplace transform and ROC of x(t) = e®u(—t).

LIx(D)] = Lle®u(~t)] = =
ROC: Re{s}< a

Example 3:

Find the Laplace transform and ROC of x(t) = e~ %u(t) + e®u(—t)
1 1

LIx(0)] = Lle™u(®) + e u(=0)] = ——+ ——

For 1/s+a, Re{s}> -a
For-1/s-a, Re{s}< a

Referring to the above diagram, combination region lies from —a to a. Hence,

ROC: -a<Re{s}<a
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CAUSALITY AND STABILITY
¢ For a system to be causal, all poles of its transfer function must be right half of s-plane.

jo

s A system is said to be unstable when at least one pole of its transfer function is shifted to the
right half of s-plane.

N .
P

®,

% Asystem is said to be marginally stable when at least one pole of its transfer function lies on the
jw axis of s-plane.
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ROC OF BASIC FUNCTIONS

(t) F(s) ROC
u(t) 1/s Re{s} >0
t.u(t) 1/s? Re{s} >0
t".u(t) n! /st Re{s}>0
e®tu(t) 1/s-a Re{s}>a
e~ u(t) 1/s+a Re{s}>-a
e®u(-t) -1/s-a Re{s}<a
e u(-t) -1/s+a Re{s}< -a
t e?tu(t) 1/(s-a)? Re{s}>a
the2tu(t) n!/ (s-a)"? Re{s}>a
te?tu(t) 1/(s+a) 2 Re{s}>-a
the?tu(t) n!/(s+a)™! Re{s}>-a
t e?tu(-t) -1/(s-a)? Re{s}<a
thetu(-t) -n! /(s-a)"*? Re{s}<a
t e3tu(-t) -1/(s+a)? Re{s}<-a
tnety(-t) n!/(s+a)™! Re{s}<-a
e cosbt (s+a)/(s+a)?+b?

e sinbt b/(s+a)?+b?
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LAPLACE TRANSFORM OF SOME COMMONLY USED SIGNALS

1.The Unit Impulse
The impulse function is everywhere but at t=0, where it is infinitely large. The area of the
impulse function is one. The impulse function is drawn as an arrow whose height is equal to its
area.

Unit impulse, 3(t)
0, t=0
undefined, t=20

[T8(tydt=1

aa={

To find the Laplace Transform, we apply the definition
— " slbe=
A(s) = ‘[D_ &(t)e *dt
Now we apply the shifting property of the impulse. Since the impulse is 0 everywhere but
t=0, we can change the upper limit of the integral to 0*.
o
A(s) = | 8(t)edt

Since e*tis continuous at t=0, that is the same as saying it is constant from t=0"to t=0". So,
we can replace et by its value evaluated at t=0.

—st| — e—s-III -1
t=0

¢
A(S) = [Er §t)-1.dt=1
3(t) £ 5
So, the Laplace Transform of the unit impulse is just one. Therefore, the impulse function,

which is difficult to handle in the time domain, becomes easy to handle in the Laplace
domain. It will turn out that the unit impulse will be important to much of what we do.

2. The Unit Step Function

The unit step function is defined as

Unit step, y(t)

0, t<0
r\.t= r
0 JL1, t=0

To find the Laplace Transform, we apply the definition.
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I(s) = |7 (f)e=dt

- [21etde=-I[e],

o

1

=--[0-1]

5

1
s

A(t) <L>ls - I(s)

3. The Ramp
So far (with the exception of the impulse), all the functions have been closely related to the
exponential. It is also possible to find the Laplace Transform of other functions. For example,
the ramp function:

Ramp Function, y(t)=ty(t)

y(t) =t,t>0;
=0, elsewhere

Y(S) =of” y(t). e=t.dt.
=o[”° t. eSt.dt.
=[t.e’/-s]o™ - of e*t.(1/-s).dL.
=1/s?
Integration by parts is useful at this point

Therefore L[t] = 1/s?
4. The Parabolic

A unit parabolic function is defined as

y(t) =t3/2; for t >0

=0; elsewhere

Y(S) =of~y(t). et.dt.
=of~ t2/2. et.dt.
=[t?/2.et/-s]0™ - of~ t.e%.(1/-s).dt.
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=1/s[of t.etdt.]
=1/s .1/s?
=1/s3

Therefore L[t?/2] =1/s3

5. The Exponential
Consider the causal (i.e., defined only for t>0) exponential:

Exponential Function, y(t)=e *'y(t)

y{t):{ 0, t=<0

e, t=0

or

y(t) = e (1)

To find the Laplace Transform, we apply the definition
N e st 4y [® -at, —at
Y(s) = ‘[D_ y(t)e=tdt = ‘[D_e (He=dt
Since y(t) is equal to one for all positive t, we can remove it from the integral

Y(s) = ‘[; e et dt = ‘[; e =¥ dt

= - s+alt 1 ~s+a)t | 1
= [[1- e de= -] = —[0-1]
1

sS+4

a3t ¢ L : 1

6. The Sine
Sine Function, y(t)=sin(et)y(t)

CRTANEVANETA
y(t) = sin(at)y(t) _ \\ // I\
' ./

As before, start with the definition of the Laplace transform
Y(s) = [; sin(ot)e=dt

Here it becomes useful to use Euler's identity for the sine

: e’ —e®
sinf@) = ———
(8) 5]
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- ejr;.*t _ e—j:;.*t
. 2i
But we've already done this integral (the_exponential function, above)

Y-~ -1 1
2js—jo 2js+jo
Let's put this over a common denominator
vg=L L (st 1 1 (5-%)
Zj{s—jo)(s+jo) 2j(s+]je)(s-jo)
1 (s+jo)-(s-jo) 1 2je
(5516 + 546~ (jof) DS+
@
S° +m°

e dt = l_[m el“te~stdt - l _[m e ietetdt
2j70 237

£ . o
S* + @°

sin(ot) <

7.The Cosine

Cosine Function, y(t)=cos(at)y(t)

y(t) = cos(ot)(t)

The cosine can be found in much the same way, but using Euler's identity for the cosine.

£ . =)
s? + @°

cos(et)<
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PROPERTIES OF LAPLACE TRANSFORM
1. Linearity

L.T.
fi(t) — F,(s) withROC= R,
L.T.
f.(t) — E,(s) with ROC= R,
L.T.
af,(t) + bfy,(t) — aF,(s) + bE(s): ROC= R, N R,

. Time Shifting
L.T.
f(t) — F(s) with ROC= R

LT.
f(t—t,) — e * F(s): ROC =R

. Time Scaling:

. Shift in S-domain
L.T.
f(t) — F(s) withROC= R

e f(t)) = F(s —s,): ROC = R + Re{s,}

. Time-reversal
L.T.
f(t) — F(s) withROC= R

L.T.
f(—t) — F(—s) with ROC= —R

Differentiation in S-domain

LT.
f(t) — F(s) with ROC = R,

LT. _4
tf () = —=F(s):ROC =R

The differentiation property of the Laplace Transform. We will use the differentiation property
widely. It is repeated below (for first, second and n™ order derivatives)
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dfft)

dt
df(t), e
dez

»sF(s)—f(07)

»sF (s) —sf [D_] - f[D‘]

»s"F(s)-s" 1;1’[.{_} ::I—S:n 2f (0 ]_ B {U]—f 5 ]

7. Integration
The integration theorem states that

[ f(r)dn%£ Fis)
S0 g

£ ], f)dr | = ZF(s)

8. Convolution in Time
LT. LT.
if f(t) — F(s) with ROC = R, and h(t) — H(s)with ROC = R,
LT.
f(t) =h(t) = F(s)H(s):ROC = R, N R,
9. Initial Value Theorem

Initial value theorem is applied when in Laplace transform the degree of the numerator is less
than the degree of the denominator

£(0) = lim, . sF(s)

10. Final Value Theorem:

If all the poles of sF(s) lie in the left half of the S-plane final value theorem is applied.
f(oo) =lim__, sF(s)

11. Multiplication by time:

12. Complex Shift:
£

f(t)e™ «———>F(s+a)
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Properties with proof (For reference)
1. Linearity
The linearity property of the Laplace Transform states:
a-f(t)+b-g(t)«—L—a-F(s)+b-Gs)

This is easily proven from the definition of the Laplace Transform

£(a-f(t)+b-g(t))=] (a +b-g(t))e =dt

aj f(t)e*'dt+b[ g(t)e~'dt
a-F(s)+b-G(s)

2. Time Delay

The time delay property is not much harder to prove, but there are some subtleties involved
in understanding how to apply it. We'll start with the statement of the property, followed by
the proof, and then followed by some examples. The time shift property states

f(t-a)-y(t-a) £ > e=F(s)

This is the original function This is the correct delayed function
T T T T 4 : : : :

Incorrect, function not shifted
T T T T

The correct one is exactly like the original function but shifted.

Important: To apply the time delay property you must multiply a delayed version of your
function by a delayed step. If the original function is g(t)-y(t), then the shifted function is g(t-
tq)-y(t-tq) where tq is the time delay.

3. First Derivative
The first derivative property of the Laplace Transform states
df [tl -

dt

To prove this we start with the definition of the Laplace Transform and integrate by parts

>sF(s)—f(07)
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(df(t))

\t) e tdt

L dt j:IU'?

Lu-du:u-vE—_[:v-du

du=-s-e=tdt u=e"

df(t
vof)  dv=g

dt
[ L M M CRES R

_ [e‘“ f(x)—e Tt f(cr)} +s[ f(f)-e=dt

st

The first term in the brackets goes to zero (as long as f(t) doesn't grow faster than an
exponential which was a condition for existence of the transform). In the next term, the
exponential goes to one. The last term is simply the definition of the Laplace Transform
multiplied by s. So the theorem is proved.
= df (t)
- d[t e=tdt = [/1‘(’5 (0 } + sF(s) = sF(s) - f(07)

There are two significant things to note about this property:

We have taken a derivative in the time domain, and turned it into an algebraic equation in the
Laplace domain. This means that we can take differential equations in time, and turn them into
algebraic equations in the Laplace domain. We can solve the algebraic equations, and then
convert back into the time domain (this is called the Inverse Laplace Transform, and is

described later).

The initial conditions are taken at t=0". This means that we only need to know the initial
conditions before our input starts. This is often much easier than finding them at t=0*.

Second Derivative
Similarly for the second derivative we can show:
d*f ['_tjl y:

dtz

>s%F (s) -sf(07)-f(0)

]'c[f[]"] _ df(t)
L dt |,
Nt order Derivative
For the nth derivative:

ik N IO
3 s"F(s)-s" (0 )-s"HF(0 )~ Sf( )-f[GJ
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o AT _jl'-l_l

>SF (s) - Zn: ™ f (0]
=1 ' '

d“F[:t:] P
dtm

(?J [.0_ "| _ df(t)
ST Tae |
Key Concept: The differentiation property of the Laplace Transform
We will use the differentiation property widely. It is repeated below (for first, second and
nth order derivatives)
dft), e
dt
ft), ¢
dtz

>sF(s)—f(07)

»s% (s) - sf (07) - F(0")
d"f (t)
de*

£ (s)-s" H(07) 5" (0 )5 7 (07)-7 (0

4. Integration
The integration theorem states that

QR ?

We prove it by starting by integration by parts
[ at . . \1_ = t ~ N —
,E:J‘D_ f(r’-.]d!-.} = _[Er [[Er f{rv)dr,.]e dt
_[:u-dvz u-v|:—_[:v-du

du = f()dt u= j; f()dn

V= —lge‘“ dv = e =dt

= et o) et | S =( 1 )
J'D_JD_ f(x._.]d,f._.)e dt = {—ge J'D_ f(J.J)dJ.I_ —J’D_k—ge jf{t}dt

1 1 L
+§_[Ere f(t)dt

_ _g[ [ f{:rb}dﬁb]:r
= —2[e= [ faan]

o

+ 1F{s}
S

1 -'r-l _5m [ © —s0" o hﬁ'— 1
=@ ‘[D_ f(r)dx —e _[Er f()da |+ EF(S)
The first term in the parentheses goes to zero if f(t) grows more slowly than an exponential

(one of our requirements for existence of the Laplace Transform), and the second term goes to
zero because the limits on the integral are equal. So the theorem is proven
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£ ], f)dr | = ZF(s)

Example: Find Laplace Transform of Step and Ramp using Integration Property
Given that the Laplace Transform of the impulse §(t) is A(s)=1, find the Laplace Transform of the
step and ramp.
Solution:
We know that

A1) = [ &(t)dt

so that

I(s) = é As) = é

Likewise:

ramp(t) = t-y(t) = _[; (Ddt
1

el

Ramp(s) = él‘{s) =2

5. Convolution
The convolution theorem states (if you haven't studied convolution, you can skip this
theorem)

f(t) *g(t) «—L—F(s) - G(s)
note: we assume both f(t) and g(t) are causal.
We start our proof with the definition of the Laplace Transform

L(f(8)*o(t)) = [ (f() *a(t) e*dt = [ ([~ f(2)a(t - :-v)d:-v_'] e=dt

From there we continue:
£ [:f{t] * g(t]:l = I; r f(1L)a(t — L)e =*di.dt We can change the order of integration.

_ [‘" J"’“‘ F(O)g(t — L)e=dtds Now, we pull f(A) out because it
Jodom is constant with respect to the variable
of integration, t

= [_1 f{?v)_l‘; g(t — L)e =tdtd’ Now we make a change of variables

u=t-2; du=dt t=u+x Since g(u) is zero for u<0, we can change

L(f(t) »g(t)) = _I‘:D e )_E glu)e®**'dud. the lower limit on the inner integral to O-.

_ J“’" (o )J“” g(u)e-=“e~=dud’ We can pull e* out (it is constant
- o with respect to integration).

_ J“’“‘ £ )e-g;_-l"’“‘ g(u)e—=dud’ We can separate the integrals since the
- o inner integral doesn't depend on A.
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_ I f(.}u]e_ghd}ul “g(u)e=“du We can change the lower limit on the first
- o integral since f(A) is causal.

_ r' f(}u]e_ﬁhd}ujm g(u)e—=tdu Finally we recognize that the two integrals
o ° are simply Laplace Transforms.

L(f(t) *g(t)) = F(s)G(S) The Theorem is proven

6. Initial Value Theorem

The initial value theorem states
lim(sF(s)) = (0"

To show this, we first start with the Derivative Rule:

dft ) .
Z(t){ £ >5F[_s)—f[‘[] §]

We then invoke the definition of the Laplace Transform, and split the integral into two parts:
. _ = df(t) _ 2o
sF(s)-f(07)=| —=Fe*dt=| f(t)je dt
(5)-(07) = [ ¢ I-f(
_ o - . et o - st
= |, f(t)er=dt+ | f(t)edt

We take the limit as s>oo:

lim(sF(s) — £(07)) =lim| [~ F(t)dt+ [ F(t) e‘-"‘dt}

Several simplifications are in order. In the left hand expression, we can take the second term
out of the limit, since it doesn't depend on 's." In the right hand expression, we can take the
first term out of the limit for the same reason, and if we substitute infinity for 's' in the second
term, the exponential term goes to zero:

lim(sF(s)) - f(07) = [ f(t)dt+ [~ F(t)odt

= [T f(t)dt
= f[:[]‘:] —f[:[]‘:]
The two f(0) terms cancel each other, and we are left with the Initial Value Theorem
lim (sF (s)) = f(0°)
This theorem only works if F(s) is a strictly proper fraction in which the numerator
polynomial is of lower order then the denominator polynomial. In other words is will work for

F(s)=1/(s+1) but not F(s)=s/(s+1).

7. Final Value Theorem
The final value theorem states that if a final value of a function exists that

lim(sF(s)) =lim f(t)
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However, we can only use the final value if the value exists (function like sine, cosine and the
ramp function don't have final values). To prove the final value theorem, we start as we did for
the initial value theorem, with the Laplace Transform of the derivative,

P dfO)_ = dfY) it _ <rrey_ fro-
i = [, —gp- & "dt=sF(s) - f(07)

We let s—=>0,

. df(t)
;fg..\hfcr n

‘f‘dtj = ||m[5F{5} f(0- }]
As s—>0 the exponential term disappears from the integral. Also, we can take f(0-) out of the

limit (since it doesn't depend on s)

i dt _lim(sF(s)) - f(0°)

5_:,|:|| [
We can evaluate the integral

lim(f(w) — f(07)) = lim(sF(s)) - f(0")

s—=0 - s—=0 " 4
Neither term on the left depends on s, so we can remove the limit and simplify, resulting in the
final value theorem

f(e) - £(0°T = lim(sF(s)) - 67T
flc) = Iirrg (sF(s))

Examples of functions for which this theorem can't be used are increasing exponentials
(like e where a is a positive number) that go to infinity as t increases, and oscillating functions
like sine and cosine that don't have a final value.

Properties of Laplace Transform - Summary

Some of the Laplace transformation properties are:
If f1 (t) <= F1 (s) and [note: «— implies Laplace Transform]

fa (t) <> F2 (s), then

Properties Name lllustration

f(t) S F(s)
F(s) = [ f(e=dt

Definition P
f(t) <> F(s)

F(s) = [ f(e=dt
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Linearity

Af,(t) + Bf(t) {E‘r AF,(s) + BF,(s)

First Derivative

df(t) £

T <> sF(s) - f(07)

Second Derivative

df(t) £

e <> s%(s) - sf(07) - f(07)

th Derivative

() ~

>y <> s"F(s) - Zs -ifl-1(07)

Integration

jﬁﬁﬂhé;éﬂﬂ

Multiplication by time

dF(s)

£
t(t) <> -
ds

Time Shift

£
f(t—a)y(t—a) <> e *F(s)
(v(t) = unit step function)

Complex Shift

£
f(t)e™ <= F(s+a)

Time Scaling

ty £
f,—| <> aF(as)
La)/

Convolution
("*' denotes convolution
of functions)

f,(0) = £,(t) S F,(s)F,(s)

Initial Value Theorem
(if F(s) is a strictly proper
fraction)

”"Q_ f(t) = lim sF(s)

Final Value Theorem
(if final value exists,
e.g., decaying exponentials )

It!}‘n f(t) = Iera sF(s)
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INVERSE LAPLACE TRANSFORM
The inverse Laplace transform is represented by using the symbol L it is defined as the
converse of Laplace transform. If a Laplace transform is given, say F(s), the inverse of this will be
L'Y[F(s)], this will give us the original function, i.e., f(t) (before Laplace transformation was applied to it)
Methods of finding inverse Laplace transform

e Inversion formula
e Use of tables of Laplace transform pairs
e Partial fraction expansion method

Inversion formula

This is a procedure that holds to all classes of transform function that involve the evaluation of
a line integral in the complex s-plane.

f(@® =f X(s)estds

In the integral, the real Cis to be selected such that o1<C<o2 when ROC of X(s) is o1<Re{s}<o,.
Use of tables of Laplace transform pairs

In this method X(s) is expressed as a sum of individual Laplace transforms,

i.e. X(s) = X1(s)+ Xz(s)+.... Xn(s)
where Xi(s), X2(s),.... Xn(s) are the transforms with known inverse transforms xi(t), x2(t).... xa(t).
Then by linearity property, it follows that x(t)=x1(t)+ x2(t)+.... +xn(t).

Partial fraction expansion method
The partial fraction expansion is a practical way to invert the Laplace transform X(s)
If X(s) is a rational function of the form

N(s) k(s —z)(s—23) ...(s — zp)

D(s) (s—p)(s—p2) (s —Pn)

X(s) =
Case a:

When X(s) is a proper rational function (m<n) and when all the poles of X(s) are simple or
distinct, then X(s) can be written as:

C C C
4 2 4o —
(s—p1) (s—p2) (s —pn)
Where coefficient of Cy are given by, Cx = (s — pr) X (5)ls=p,

Case b:
When X(s) is a proper rational function (m<n) and if D(s) has multiple roots, i.e., if D(s) contains

X(s) =

fractions of the form (s-pi)",then we say that pi is the multiple pole of X(s) with multiplicity r.
Then the expansion of X(s) consists of the terms of the form:
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dl dz dT
+ e ———
(s—p) (—p) (s—p)
dk
Where d,_;, = %_dsk {(s —p)"X(8)}s=p,

X(s) =

When X(s) is an improper rational function (m>n)

N R
Then X(s) = % = Q(s) + %

N(s) is the numerator polynomial in s of X(s)

D(s) is the denominator polynomial in s of X(s)

R(s) is the reminder polynomial in s with degree less than n
Q(s) is the quotient polynomial in s with degree (m-n)
Then inverse Laplace transform is computed.

Problems

1. Find the inverse Laplace transform using partial fraction expansion method

1
a. X(s) = (s+1)(s+2)

1 __A B
+DG+2) s+1 s+2
1=A(G+2)+B(s+1)

X(s) =

Putting s=-1, A=1
Putting s=-2, B=-1

1 1
X(S)=s+1_s+2
x(£) = [e™ — e u(t)
- X(s) = 5(5:;23)

s+2 A B
s(s+3) =;+S+3
s+2=A(s+3)+Bs

X(s) =

putting s=0, A=2/3
putting s=-3, B=1/3

2/3 1/3
X(S):%-I_s-{-B

1
x(t) = 3 (2 + e 3Hu(t)

c. X(s)= L

s(s+1)(s+2)
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1 _A+ B N C
s(s+1)(s+2) s s+1 s+2
1=A(G+2)(s+1)+Bs(s+2)+Cs(s+1)

X(s) =

Putting s=0, A=1/2
Putting s=-1, B=-1
Putting s=-2, C=1/2

X()_I/Z 1 +1/2
5= S s+1 s+2

x(t) = E —et+ %e‘”] u(t)

2. Find Inverse Laplace transform of
a. F(s)= 2

s3

2
s2+4

F(s) =
e =
s2+4 s2 4 22 sinat

s+1
F(s) = S2425+10

s+1 s+1 s+1
B Rl o R o R

s2+2s+10 (s +1)? (s+1)2 +32

5
- Fls) = szj-‘)

5 5
Lt [52 _i 9] = [ - 532] = 5cos3t
s4 +
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UNSOLVED PROBLEMS

Find the Laplace transform of
a. 2—2e'+0.5sin (4t)
b. e~ ’sin (5t)
c. et +2e7%t —t2
Determine the inverse Laplace transform of
s—1
s(s+1)
s3+1
s(s+1)(s+2)
s—1
(s+1)(s242s+5)

. _ . . . . o 25+1
Find the initial value of continuous time signal if its Laplace transform is given as X(s) = Sj+

-1
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